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Binomial Theorem and Principle of Mathematical Induction 


O 



This column is aimed at Class XI students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and 
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend 
of the straight and the twisted, the simple and the difficult and the easy and the challenging. 

*ALOK KUMAR, B.Tech, NT Kanpur 


BINOMIAL THEOREM FOR POSITIVE INTEGRAL 
INDEX 

The rule by which any power of binomial can be 
expanded is called the binomial theorem. 

If n is a positive integer and x, y e C then 

(*+>)” = "c 0 x "-'v + + +"c/-y + 

.+X- 1 */~ 1 +”c„*y=i”c r 

r= 0 

Here, n C 0 , n C 1} n C 2 , n C n are called binomial 

Tl ! 

coefficients and ”C, =- 1 - for 0 < r < n. 

r r\{n-r)\ 

SOME IMPORTANT EXPANSIONS 

• (x - y) n = n C 0 x n -°y° - n C 1 x n ~ 1 y 1 + .... + (-l) r 

n 

n n n-r r , , / ^\nn n 0 n V ( n n „ n ~ r «, r 

C r x y +.... + (-1) C n x y = 2/ -1 ) C r x y 

r =0 




(1 + xf = n C 0 x° + n cy + ...+ n C r x r + .... + n C n x n 

n 


= X” C r 


r=0 


(1 -x) n = n C 0 x°- n C^+ n C 2 x 2 +. 

+ (-l) r n C r x r + .... + (-If n C n x n = f(-D r n C r x r 

r =0 

(x + y) n Hx-y) n = 2[ n C 0 x n y° + n C 2 x n ~ 2 y 2 

+ "C 4 ^-y+.] 


and (x + y) n -{x-y) n =2[ n C 1 x n 1 y 1 

+ n C 3 x n - 3 y 3 + n C 5 x n ~ 5 y 5 +...] 

• The coefficient of (r + l) th term in the expansion of 
(1 + x) n is n C r . 

• The coefficient of x r in the expansion of (1 + x) n 
is n C r 

GENERAL TERM 

• The general term of the expansion is (r + l) th term 
usually denoted by T r+1 = n C r x n ~ r y r 

• In the binomial expansion of (x + y) n , the p th term 
from the end is (n - p + 2) th term from beginning. 

NUMBER OF TERMS IN THE EXPANSION OF 

(a + b + c) n AND (a + b + c + d) n 

(a + b + c) n can be expanded as {( a + b) + c} n 

= (a + b) n + - 1 (c) 1 + ... + n C n c n 

= (n + 1) term + n term + (n - 1) term + ... + 1 term 
Total number of terms = (n + 1) + (n) + ... + 1 


(n + l)(n + 2) 


Similarly, number of terms in the expansion of 
^ , 7 , , (tt + l)(n + 2)(tt + 3) 

(a + f7 + c + a) =- 


MIDDLE TERM 

The middle term depends upon the value of n. 

• When n is even, then total number of terms in 
the expansion of (x + y) n is n + 1 (odd). So there 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains NT and Olympiad aspirants. 
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v th 


is only one middle term i.e., —+ 1 

V 2 

middle term. 


term is the 


-+l 


-C 


'n/2 J 


^ n / 2^/2 


When n is odd, then total number of terms in the 
expansion of (x + y) n is n + 1 (even). So, there are 


two middle terms i.e., 
two middle terms. 


n +1 


,th 


and 


n + 3 


th 


are 


n 


w 


■ n^ 


n-l 

2 


n +1 n-l 
x 2 y 2 


and 


= ”C, 


n +1 
2 


n-l n+l 
X 2 y 2 


• When there are two middle terms in the expansion 
then their binomial coefficients are equal. 

• Binomial coefficient of middle term is the greatest 
binomial coefficient. 

GREATEST TERM AND GREATEST COEFFICIENT 

• Greatest term : If T r and T r + 1 be the r th and 
(r + l) th terms in the expansion of (1 + x) n , then 


L r +1 


l C r x T 


n-r + l 




r -1 


r-V 


Let numerically, T r+X be the greatest term in the above 




expansion. Then T r + x > T r or > 1. 

^r 

n-r + l (n + l) 

.. - \x >1 or r< - x 

r (l+|*l) 

Now substituting values of n and x in (i), we get 
r<m+/orr<m, where m is a positive integer and 
/is a fraction such that 0 </< 1 . 

When n is even T m + i is the greatest term, when n 
is odd T m and T m + x are the greatest terms and both 
are equal. 

To find the greatest term (numerically) in the expansion 
of (1 + x) n . 

, x i x ( n + 1 ) 

(i) Calculate m — 


x + 1 


(ii) If m is integer, then T m and T m + x are equal and both 
are greatest term. 


(iii) If m is not integer, then T^ + 1 is the greatest term, 
where [•] denotes the greatest integral part. 

• Greatest coefficient 

(i) If n is even, then greatest coefficient is n C n/2 . 

(ii) If n is odd, then greatest coefficient are 

”C«+i and n C nA 3 
2 2 

PROPERTIES OF BINOMIAL COEFFICIENTS 

In the binomial expansion of (1 + x ) n , 

(1 + xf = n C 0 + n qx + n C 2 x 2 + .+ n C r x r +.... + n C n x n 

-(i) 

Let us denote the coefficients, "C 0 , n C { , "C 2 .... 

nr^ nr^ 

. - 1 > 

by Cq, Ci, C 2 ,...C r , ...C n respectively then the above 
expression can be expressed as 

n 

(1 + *)" = X C r xT = C 0 + C\X + C 2 X 2 + ... 

' = ° + C r x r + ... + C n x n . 

where C 0 , C x , C 2 , C n are known as binomial 
coefficients. 


PROPERTIES 


2 n — Cq + Ci + C 2 + ... + C n 

Co - Ci + C 2 - C 3 + .... = 0 

Ci + C 3 + C 5 + .... = C 2 + C 4 + C 5 + ... = 2 n ^ 


n c = 


n n -i 


C r _i - 


n n-l 


r r r — 1 

C 0 C r + CiC r+ i + ... + C n _ r C ] 


n 2 C r _2 and so on. 


2 n\ 


(; n-r)\ (n + r)\ 


2n c n = cl+cl+ . + c 2 

n c - 1 - n r — n+ ^r 

1 _1 — 


2 n\ 
(n\) 2 


Ci + 2C 2 + 3 C 3 +.+ n • C n — n • 2 n ^ 

Ci — 2 C 2 + 3 C 3 — .... — 0 

Cq + 2Ci + 3C 2 + ... + (n + l)C n — (n + 2)2 n ^ 


C 2 —C 2 4-C 2 - 
u 0 U 1 +u 2 


■C 3 +.... = < 


0 , if n is odd 

(- l) n/2 ■ n C n/2 ,if nis even 


USE OF DIFFERENTIATION AND INTEGRATION 
IN BINOMIAL THEOREM 


• Use of differentiation : This method applied 
only when the numericals occur as the product of 
binomial coefficients. 

(i) If last term of the series leaving the plus or 
minus sign be m, then divide m by n if q 
be the quotient and r be the remainder. 
i.e., m - nq + r 


0 
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Then replace x by x q in the given series and 
multiplying both sides of expansion by x r . 

(ii) After process (i), differentiate both sides, w.r.t. x 
and put x = 1 or -1 or i or -i etc. according 
to given series. 

(iii) If product of two numericals (or square of 
numericals) or three numericals (or cube of 
numericals) then differentiate twice or thrice. 

• Use of integration : This method is applied only 
when the numericals occur as the denominator of 
the binomial coefficients. 

If (1 + x) n = C 0 + Qx + C 2 x 2 + ... + C n x n , then 
we integrate both sides between the suitable limits 
which gives the required series. 

(i) If the sum contains C 0 , Q, C 2 , C w with 
all +ve signs, then integrate between limit 
0 to 1 . 

(ii) If the sum contains alternate signs then 
integrate between limit - 1 to 0 . 

(iii) If the sum contains odd coefficients i.e., 
(C 0 , C 2 , C 4 ....) then integrate between -1 to 1 . 

(iv) If the sum contains even coefficients (i.e., C 1? 
C 3 , C 5 , ... then subtracting (ii) from (i) and 
then dividing by 2 . 

(v) If denominator of binomial coefficients is 
product of two numericals then integrate two 
times, first taking limit between 0 to x and 
second time take suitable limits. 


AN APPLICATION OF BINOMIAL THEOREM 

If (\[a + B) n =I + f where I and n are positive integers, 

0 < / < 1 then (/+/)•/ = K 71 

where A - B 2 = K > 0 and Va - B < 1. 

• If n is even integer then 

(4a+bT+{4a-bT =i+f+f' 

Hence L.H.S. and I are integers 
/ + /' is also integer 

=* /+/'=!; ••• /' = a-/) 

Hence, (/+/)(/-/) = (!+/)/' 

= (Va+B)”(Va-B)” = (A - B 2 ) n = K” 

MULTINOMIAL THEOREM (FOR POSITIVE 
INTEGRAL INDEX) 

If n is positive integer and a h a 2 , a 3 , ...,a n e C then 


(<h + a 2 +a 2> + - + a m ) n ~ X" 


n\ 


n l\n 2 \n 3 \...n m ! 


• a-, ... a„ 


0 
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where n 1} n 2 , n 3 , ..., n m are all non-negative integers 
subject to the condition, n x + n 2 + n 3 + .... + n m = n 

• The coefficient of ay • a^ a^ in the expansion of 

n\ 

(d\ + a 2 + u 3 + .... + a m ) n is : ~ ~ : 

n l \n 2 \n 3 \....n m \ 


BINOMIAL THEOREM FOR ANY INDEX 


(1 + x) n = 1 + nx + 


n(n- l)x 2 n(n-l)(n-2) 3 


2 ! 


3! 


x +.... 


n(n - 1 ). (n - r + 1 ) 

H-x + ...terms up to 

r! 

when a is a negative integer or a fraction, where 
-1 < x < 1 , otherwise expansion will not be possible. 
If first term is not 1, then make first term unity in the 


following way, (x + y) n 


x n 

\ + l 

n 

, if 

y_ 


X 


X 


< 1 . 


General term : T 


n(n -1 )(n- 2 ).... (n-r + 1 ) r 


r +1 


r! 


SOME IMPORTANT EXPANSIONS 


(l-*)' 


: 1 + nx + 


n(n + 1 ) 2 n(n + \)(n + 2) 3 


2 ! 


-x + 


3! 


x + 


n(n + 1 ).(n + r- 1 ) r 

.... +-x +... 


r! 


„ n(n + 1) 2 n(a + l)(a + 2) 3 

(1 + x) =l-nx-\ --—x---x + 


.+ 


2! 3! 

n(n + l)....(n + r-l) ( r 


(-x) r +.... 


r\ 


THREE/FOUR CONSECUTIVE TERMS OR 

COEFFICIENTS 

• If consecutive coefficients are given: In this case 
divide consecutive coefficients pair wise. We get 
equations and then solve them. 

• If consecutive terms are given : In this case 
divide consecutive terms pair wise i.e. if four 
consecutive terms be T r ,T r+1? T r+2 ,T r+3 then find 


T r T r+1 T r+2 


^r+l T r+2 T r +3 


X 2 , X 3 (say) then divide X 1 


by X 2 and X 2 by X 3 and solve. 

PASCAL’S TRIANGLE 
1 

1 1 

1 2 1 
13 3 1 

1 4 6 4 1 

1 5 10 10 5 


(x + y)° 
(x + y) 1 
(x + y) 2 
(x + y) 3 
(x + y ) 4 
(x + y) 5 

























Pascal's triangle gives the direct binomial coefficients. 
Example : (x + y) 4 - x 4 + 4x 3 y + 6x 2 y 2 + 4 xy 3 + y 4 

FIRST PRINCIPLE OF MATHEMATICAL 
INDUCTION 

Let p(n) be a statement involving the natural number 
n such that 

(i) p( 1 ) is true i.e. p(n) is true for n = 1 . 

(ii) p(m + 1 ) is true, whenever p(m) is true 
i.e. p(m + 1 ) is true. 

Then p(n) is true for all natural numbers n. 

SECOND PRINCIPLE OF MATHEMATICAL 
INDUCTION 

Let p(n) be a statement involving the natural number 
n such that 

(i) p( 1 ) is true i.e. p(n) is true for n = 1 and 

(ii) p(m + 1 ) is true, whenever p(n) is true for all n, 
where 1 < n < m. 

Then p(n) is true for all natural numbers. 

DIVISIBILITY 

To show that an expression is divisible by an integer 

(i) If a, p, n, r are positive integers, then first of all we 

write aP n+r =aP n -a r =(aP) n V. 

(ii) If we have to show that the given expression is 
divisible by c. 

Then express, aP - [1 + (aP - 1 ], if some power of 
(aP - 1 ) has c as a factor. aP = [2 + (aP - 2)], if some 
power of {aP - 2) has c as a factor. 
aP = [k + (aP - k)]y if some power of (aP - k) has c as 
a factor. 


PROBLEMS 


Single Correct Answer Type 

1. In the expansion of the following expression 
1 + (1 + x) + (1 + x) 2 + ... + (1 + x) n , the coefficient 
of x k (0 <k< n) is 

(a) n+l C k + l (b) n C k 

(c) n C n - k -\ (d) none of these 

2 . If T 0 , T h T 2 , ...., T n represent the terms in the 
expansion of (x + a) n , then 

(T 0 - T 2 + T a - ,...) 2 + (Tj -T 3 + T 5 - ,...) 2 

(a) (x 2 + a 2 ) (b) (x 2 + a 2 ) n 

(c) (x 2 + a 2 ) l,n (d) (x 2 + a 2 )~ l,n 

3. The greatest integer which divides the number 
101 100 - 1 , is 

(a) 100 (b) 1000 (c) 10000 (d) 100000 


4 . 


5 . 

6 . 


7 . 


8 . 


9 . 


10 . 


11 . 


12 . 


13 . 


14 . 


The larger of 99 50 + 100 50 and 101 50 is 
(a) 99 50 + 100 50 (b) both are equal 

(c) 101 50 (d) none of these 

The last digit in the expansion of 7 300 is 
(a) 7 (b) 9 (c) 1 (d) 3 

If the ratio of the coefficient of third and fourth 


term in the expansion of f x - j is 1 : 2 , then 

the value of n will be 
(a) 18 (b) 16 (c) 12 (d) -10 

If the (r + l) th term in the expansion of 



—j= + A h/= has the same power of a and b , 


then the value of r is 
(a) 9 (b) 10 


(c) 8 


(d) 6 


If the third term in the binomial expansion of 
1 ? 

(1 + x) m is —x , then the rational value of m is 
8 

(a) 2 (b) | (c) 3 (d) 4 

The first 3 terms in the expansion of (1 + ax) n , 
0) are 1 , 6x and 16x 2 . Then the value of a and 
n are respectively 

(a) 2 and 9 (b) 3 and 2 

(c) 2/3 and 9 (d) 3/2 and 6 

If the coefficients of T r , T r + h T r + 2 terms of 
(1 + x) 14 are in A.P., then r = 

(a) 6 (b) 7 (c) 8 (d) 9 


If the coefficients ofp th , (p + l) th and (p + 2) th terms 
in the expansion of (1 + x) n are in A.P., then 

(a) n 2 - 2np + 4 p 2 = 0 

(b) n 2 - n(4p + 1) + 4 p 2 -2 = 0 

(c) n 2 - n(4p + 1) + 4 p 2 - 0 

(d) none of these 


If A and B are the coefficients ofx n in the expansions 
of (1 + x) 2n and (1 + x) 2n ~ 1 respectively, then 
(a) A - B (b) A = 2B 

(c) 2 A - B (d) none of these 


In the expansion of 
(a) -20 (b) 20 


x-J , the constant term is 

(c) 30 (d) -30 


If the coefficients of 5 th , 6 th and 7 th terms in the 
expansion of (1 + x) n be in A.P., then n = 
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(a) 7 only (b) 14 only 

(c) 7 or 14 (d) none of these 

15. The coefficient of x 53 in the following expansion 

100 

v 100^ / -2x100-m n m . 

2j C m (x-3) -2 is 

m =0 

(a) 100 C 47 (b) 100 C 53 

(c) - 100 C 53 (d) - 100 C 10 o 

16. The coefficient of x 32 in the expansion of 



(a) 15 C 5 (b) 15 C 6 (c) 15 C 4 (d) 15 C 7 

17. If in the expansion of (1 + x) m (1 - x) n , the 
coefficient of x and x 2 are 3 and -6 respectively, 
then m is 

(a) 6 (b) 9 (c) 12 (d) 24 


18. If x m occurs in the expansion of | x + — 


the coefficient of x m is 
(2 n)\ 


2n 


, then 


(a) 


(m)\(2n-m)\ 


(b) 


(2n)!3!3! 
(2 n-m)\ 


(c) 


(2n)\ 

2 n — m\f An + m\ 
3 3 / 


(d) none of these 

19. If coefficients of 2 nd , 3 rd and 4 th terms in the 
binomial expansion of (1 + x) n are in A.P., then 
n 2 - 9n is equal to 

(a) -7 (b) 7 (c) 14 (d) -14 


20. In the expansion of (1 + x + x 3 + x 4 ) 10 , the coefficient 
of x 4 is 

(a) 40 C 4 (b) 10 C 4 (c) 210 (d) 310 

21. The coefficient of x 5 in the expansion of 
(1 + x ) 21 + (1 + x ) 22 + .... + (1 + x ) 30 is 

(a) 51 C 5 (b) 9 C 5 

(c) 31 C 6 - 21 C 6 (d) 30 C 5 + 20 C 5 


22 . The coefficient of x 9 in the expansion of 
is 


( x 2 


V 


h 9 


(a) 512 (b) -512 (c) 521 (d) 251 


23. If the second, third and fourth term in the expansion 
of (x + a) n are 240, 720 and 1080 respectively, then 
the value of n is 

(a) 15 (b) 20 (c) 10 (d) 5 


24. In the expansion of (1 + x) n the coefficient ofp th 
and ( p + l) th terms are respectively p and q. Then 
p + q = 

(a) n + 3 (b) n + 1 

(c) n + 2 (d) n 

25. If in the expansion of (1 + x) 21 , the coefficients of 
x r and x r + 1 be equal, then r is equal to 

(a) 9 (b) 10 (c) 11 (d) 12 

\9 

26. In the expansion of 


independent of x is 

(a) 9 C 3 4 
6 3 

(c) 9 C 3 


1 

3x 


the term 


(b) C 3 


(d) none of these 


27. The greatest term in the expansion of V3 ^1 + -j= j 
, N 25840 ... 24840 

( a ) —:— (b) —— 


.20 


IS 


(c) 


9 

26840 

9 


(d) none of these 


28. If n is even positive integer, then the condition that 
the greatest term in the expansion of (1 + x) n may 
have the greatest coefficient also, is 


(a) 

(c) 


n 


yi + 2 
n 

n + 4 


<x< 


< x < 


n + 2 
n 

n + 4 


(b) 


n +1 


<x< 


n +1 

(d) none of these 


29. The coefficient of 1 /x in the expansion of 


(l + xf 
(a) 


l + i 

X 

n\ 


is 


(n-l)\(n + l)\ 

2 n\ 

^ ( 2 «-l)!( 2 n + l)! 


(b) 


(2m)! 


(n-l)\(n + l)\ 
(d) none of these 


30. The coefficient of x 5 in the expansion of (x 2 - x - 2) 5 is 
(a) -83 (b) -82 (c) -81 (d) 0 


31. The greatest coefficient in the expansion of 

(2h + 2)! 


(1 +x) 2,ftT A is 


(a) 

(c) 


) 2n + 1 is 
(2n + 1 )! 


n\(n + 1 )! 
(2n + 1 )! 

[(n + l )!] 2 


(b) 

(d) 


m ! (m +1)! 

(2 «)! 

(« 0 2 


0 
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32. c 0 c r + qc r+1 + c 2 c r+2 +.... + C n _ r C n = 


(a) 


(c) 


(2m)! 


(n — r)\(n + r)\ 
n\ 


(b) 


n\ 


(-r)\(n + r)\ 


(d) none of these 


(n — r)\ 

33. If (1 + x) n = Cq + qx + C 2 x 2 +.+ C n x n , then 


C 2 +C 2 +C 2 + C 3 2 + . + C 2 = 


(a) 

(c) 


n\ 

n\n\ 

(2n)\ 

n\ 


(b) 


(2ri)\ 

i ! n ! 


n\n\ 

(d) None of these 


34 . If (l + x) n — Cg+qx + C 2 x +. + C n x n , then 

nC„ 


Ci 2C ? 3G. 

— + —- + —- + .... + - 

c 0 q c 2 


c 


'H-l 


(a) 

(c) 


n(n-l) 

2 

n(n + l) 


(b) 


(d) 


n(n + 2 ) 


(«-!)(«- 2 ) 


35. If a and d are two complex numbers, then the 
sum to (n + 1 ) terms of the following series 
aC 0 — (a + d)C\ + (cz + 2 d)C 2 — .... is 

(a) — (b) na 

2 n 

(c) 0 (d) none of these 

36. If (1 + x)^ = Cq + qx + C 2 x 2 +.... H-q^x^, then 
C 2 + 2 C 3 + 3 C 4 + ... + 14C 15 = 

(a) 14-2 14 (b) 13-2 14 + 1 

(c) 13-2 14 — 1 (d) none of these 

n 

37. If x + y - 1 , then ^ r 2 n C r x r y n ~ r equals 

r =0 

(a) nxy (b) nx(x + yn ) 

(c) nx(nx + 7 ) (d) none of these 

38. For r = 0, 1, ., 10, let A r , B r and C r denote, 

respectively, the coefficient of x r in the expansion of 
(1 + x) 10 , (1 + x ) 20 and (1 + x) 30 , then 

10 

X A (Ao A ” Qo A) is equal to 

r =1 

(a) c 10 - 5 10 

(b) ° 

( c ) 7t 10 (5 10 2 - C 10 A 10 ) 

(d) Bio ~ Qo 


Multiple Correct Answer Type 


39. The value of ^ 

k =0 


v*v 

14 

vC 


14 




(r\ 

44' 

T 



, where 


' n' 





denotes n C r , is 



V, 




(a) 

6 7 

(b) 

greater than 7 6 

(c) 

8 7 

(d) 

greater than 7 8 

The 

largest coefficient in the expansion 

(4 + 

3x ) 25 is 




/ . \14 


\H 

(a) 

25 Ch3- [I) 

(b) 

25 c " 425 (j) 

(c) 

C 14 4 14 3 u 

(d) 

25 C 14 4 u 3 14 


41. 


Let R = (8 + 3V7 ) 20 and [£] = the greater integer 
less than or equal to R. Then 

(a) [R] is even 

(b) [R] is odd 


(c) R-[R] = l -— 

(8 + 3V7) 

(d) R + R[R] = 1 + R 2 


20 


42. If the third term in the expansion of 

+ x logl ° * j is 1000 then x is equal to 
(a) 100 (b) 10 (c) 1 (d) 


43. If (1 + x + x 2 ) n = a 0 + a\X + a 2 x 2 + ... + a 2n x 2n y then 

(a) a 0 - a 2 + a 4 - a 6 + ... = 0 , if n is odd 

(b) a\ - a 3 + a 5 - a 7 + ... = 0 , if n is even 

(c) a 0 - a 2 + a 4 - a 6 + ... = 0, if n = 4p y p E / + 

(d) a x - a 3 + a 5 - a 7 + ... = 0, if n = 4p + 1, p e I + 


44. If n is a positive integer and (3V3 + 5) 2n+1 = a + (3 
where a is an integer and 0 < (3 < 1 then 

(a) a is an even integer 

(b) (a + (3) 2 is divisible by 2 2n + 1 

(c) The integer just below (3^/3 + 5) 2n+1 divisible 
by 3 

(d) a is divisible by 10 


45. 


Let u n — | 1H— 


(a) a n > 2 (b) 


then for each ne N 
a n < 3 (c) a n < 4 (d) a n < 2 
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Comprehension Type 

Paragraph for Q. No. 46 to 48 


200 


If(l + X + X 2 ) 10 ° = X^ 


r =0 


46. Which of the following is true? 

(a) # 2 8 = #72 (b) a 56 = #i 44 

(c) #200 - #300 (d) none of these 

47. # 0 + #! + # 2 + - + #99 is equal to 


51. 


52. 


IfSl = £ t»!^, S2 4<i^, where 

1 a /c + m + l 2 £ k + n + l 
m> n then 

(a) S 2 =2^±2 Sl (b) S 2 = -S! 

m-n 

(c) 

(d) S x = S 2 = 0 for all m and n 
The value of binomial series 


must be equal to 


(a) 

a" „ 

3 #99 

2 

(b) 

*101 „ 

3 #99 

2 

Gi¬ 

i 

+ 

1 

, (-i r x c n 

n 

(c) 

o 

o 

1 

o 

o 

To 

(d) 

none of these 

ta) 

l44 + 

1 

.... + - 

2 


2 3 

n 

37a 

(a) 

37 is equal to 

64# 36 + 105#35 

(b) 

64# 35 + 148#3 6 

(b) 

i-l4- 

2 3 

i (- 1)” -1 

- + .... + -—-- 

4 n 

(c) 

56#3 2 + 168# 22 

(d) 

none of these 


1 1 

1 


Paragraph for Q. No. 49 to 50 

(c) 

1 + 7 + T 

+ "" + 7 


Given that (1 + x) n = C 0 + C x x + C 2 x 2 +.... + C n x n where x 
is complex number and C 0 , Q,...., C n are constants. Then, 


1 1 1 (-l) j 

(d) 1- J + ~2 - 2 + "" + -2 

2 2 3 2 4 2 « 2 


w-1 


49. The value of C n + + C 6 + ... will be 


(c) - 2 ”+ 2 cos 


0 ^3 

nn 
3 

nn 


1 


(a) — I 2 ^ + 2 cos— | (b) — I 2 n -2 cos — 


(d) 


2 n -2 cos 


#7t 

3 

nn 


50. The value of C 2 + C 5 + C 8 + .... will be 


(a) 

(b) 


2 n + 2 2 cos(« — 2) 


71 


2 - 2 cos(#- 2 ) — 
3 


(0 i 

(d)i 


71 


2 -2 cos(n- 2 ) — 


2 ^ + 2 cos(# + 2 )“ 
3 


Paragraph for Q. No. 51 to 52 


Integration plays a vital role in proving identities 
involving binomial coefficients whose algebraic method 
of proving is in general cumbersome and requires the 
help of mathematical induction. If we apply integration 
techniques, several binomial identities are easily proved. 
For instance 


G C 2 

c 0 — L + ^-- 

2 3 


, (~vrc n 

n +1 


l 

J (1 -x) n dx 
o 



where C r = n C r , r = 0, 1 , 2 , ...., n 


Matrix-Match Type 


53. Match the following. 


Column-I 

Column-II 

(A) 

X (i+j)(C r Cj) = 

0 <i<j<n 

(p) 

n ■ 2 n 

(B) 

X X("Cf + ”S-) = 

0 <i<j<n 

(q) 

(« + l) 2 n C„ 

(C) 

I = 

0 <i<j<n 

(r) 

n(n - l)2 n ~ 3 



(s) 

2.[2 2m — 2 n C„] 


54. Match the following. 


Column-I 

Column-II 

(A) 

Number of distinct terms in the 
expansion of (x + y - z) 16 is 

(p) 

2 12 

(B) 

Number of terms in the expansion 

(q) 

97 


of ^x + ^lx 2 -1 j 




+(x-\lx 2 - lj is 




0 
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SOLUTIONS 


(C) 

The number of irrational terms 
in (^ + ^) 10 ° is 

(r) 

4 

(D) 

The sum of r 

coefficients i 

(i+-+—i 

3 3 

V J J ) 

lumerical 

n the expansion of 
12 

is 

(s) 

153 


55. Consider the binomial expansion of (1 + 2x) n 
[n is a positive integer) in which the sum of the 
coefficients is 6561. Let (1 + 2x) n = R = I +/where 
I is the largest integer not exceeding R and 0 </< 1. 


Column-I 

Column-II 

(A) 

If r th term in the expansion 
is the greatest term, then r 
cannot exceed 

(p) 

3 

(B) 

If z th term is having the 
greatest coefficient, then i 
can be 

(q) 

4 

(C) 

The number of integral terms 

in the expansion when x = \[?> 
is less than 

(r) 

5 

(D) 

For x = j= , the value of 
V2 

R( 1 - f) is less than 

(s) 

6 



(t) 

7 


Integer Answer Type 

56. The sum of last 3 digits of 3 100 is 

57. If ne N, and Q = and 


I * 3 

k =1 


"Q-i 


\2 


n(n + l; (n + 2) 

3p 


then p is 


58. Given 8 qx(l-x) 7 +2- 8 C 2 x 2 (l-x ) 6 


+3 • 8 qx 8 (1 — x ) 5 +.+ 8 • x 8 — ax + b 


Find a + b. 

59. if X (-iy 

r —0 


C 

r W 


(r+2) 


r n + 2 
^ r 


find k. 


60. Find the coefficient of x 103 in 

(1 + X + X 2 + X 3 + x 4 ) 199 (x - l) 201 . 


1. (a) : Given expression 

E = 1 + (1 + x) + (1 + x ) 2 +.... + (1 + xf ^ - s - n q p 


.-. £ = (1 + xf+1 - 1 = x-i {(1 + xf +1 - 1} 

(1 + x) — 1 

Coefficient of x k in E = Coefficient of x k + 1 


in 


{(1 + x )” +1 -1} = ” + 1 C fc+1 


2. (b) : From the given condition, replacing a by ai 

and -ai respectively, we get 

(x + ai) n =(T 0 -T 2 +T 4 ~....) + i(T l ~T 3 + T 5 - ...(i) 

and (x-aif = (T 0 -T 2 +T 4 ~T 3 +T 5 - ....) 

—(ii) 

Multiplying (ii) and (i) we get required result 
i.e., (x 2 +a 2 ) n =(T 0 -T 2 +T 4 - ,...) 2 +(T l -T 3 +T 5 - ,...) 2 


100 99 

3. (c) : (1 + lOO ) 100 = 1 +100 • 100 +-— • (100 ) 2 

1-2 

100-99-98 

+-( 100 /+.... 


( 101) 100 -1 = 100.100 


i 100-99 

1 +-+ 

1-2 


1-2-3 
100-99-98 
1-2-3 


-100 + .... 


From above it is clear that, 

( 101) 100 - 1 is divisible by ( 100) 2 = 10000 

4. (c) : We have, 101 50 =(100 + 1) 5 ° 

= 100 50 + 50 ■ 100 49 + ^-^ 100 48 +.... ...(i) 

21 

and 99 50 = (100 -1 ) 50 


= lOO 50 - 50-100 49 + 


50-49 

2-1 


-100 


,48 


-(ii) 


Subtracting (ii) from (i), we get 

101 5 ° _ 99 50 = 100 5 ° + 2 50 ’ 49 ' 48 ioo 47 > too 50 

1-2-3 

Hence 101 50 > 100 5 °+99 50 . 

5. (c) : We have, 7 300 = (7 2 ) 150 = (50 - l ) 150 
= 150 C 0 (50) 150 (-1)° + 150 C 1 (50) 149 (-1) 1 +. 


+ 150 C 150 (50)°(-1) 150 

Thus the last digits of 7 300 are 150 C 150 - 1-1 i.e., 1. 

6. (d): r 3 = n C 2 (x) n ~ 2 ^~J -,T 4 = n C 3 (xf- 3 (-+j 3 
But according to the condition, 
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-n(n- I)x3x2xlx8 l 

-= — => n = —10 

n{n -1 ){n -2)x2xlx4 2 


7. (a) : We have T 


21 


r+1 


a 


x21-r , 


-Y 


= 21 C r a 7_(r/2) ^ (2/3)r_(7/2) 

Since the powers of a and fc are the same, 
r 2 7 

7 — = -r — =>r = 9 
2 3 2 

8 . (b): We have, (;l + x) m =1 + mi + ^ m ^ x 2 +... 


By hypothesis, —— * 2 =-- x 2 

2 8 


2 ! 


4m 2 -4m = -1 =^> (2m -l ) 2 =0^>m = - 

2 


9. (c) : We have, yj - n c 0 = 1 
T 2 = ^Qax = 6 x 

T 3 = ”C 2 (ax) 2 =16x 2 
n\ 


From (ii), 


(w — 1)! 


-a = 6 


na-6 


From (m), - a =16 


...(i) 

...(h) 

...(hi) 

...(iv) 

...(v) 


Only (c) is satisfying equation (iv) and (v). 

10. (d) 

11. (b) : Coefficient ofp th ,(p + l) th and (p + 2 ) th terms 
in expansion of (1 + x) n ar e n C p _ 1 , n C p , n C p+l . 

Then 2 n C p = n C p _ l+ n C p+1 

n 2 -n(4p + l) + 4p 2 -2 = 0 


2n 


12 . (b): 


Coefficient of x n in expansion of (1 + x) 
Coefficient of x n in expansion of (1 + x ) 2 ^ -1 


2 n 


C t 


'n 


(2 n)\ (n-\)\n\ 2 n 

= — = 2:1 


( 2n x ) C n n] - n ! ( 2 n — 1 )! n 

- = - => A = 2B 
B 1 


13. (a) : In the expansion of 


f 


1 

x — 
x 


\ 6 


5 the general term 


is 6 C r x 6 ~ r 


i Y 


*7 


= 6 C(-l) r x 6_2r 


For term independent of x, 6 - 2r = 0 => r = 3 
Thus the required coefficient = (-1 ) 3 • 6 C 3 = - 20 . 


14. (c) : Coefficient of T 5 = n C 4 ,T 6 = n C 5 and T 7 = ^C 6 
According to the condition^ n C 5 - n C 4 + n C 6 

n\ n\ 

-1- 

(n-4)!4! ( n-6)\6\ 

1 1 

- 1 - 

(« —4)(« —5) 6x5_ 


n\ 


_(«-5)!5! 
1 

(«-5)5 


After solving, we get n = 7 or 14. 

15. (c) : The given expansion is [(x - 3) + 2 ] 100 
= (x- 1 ) 100 = ( 1 -x ) 100 

x 53 will occur in T 54 i.e., T 54 = 100 C 53 (-x ) 53 
Coefficient is " 100 C 53 . 

16. (c) : Let T r + x term containing x 32 . 


Therefore 15 C r x 
=> x 4 r x" 45+3r 


4rf-l 


= X 


32 


vL 5-r 

/ 


=> 7r = 77 


r = 11 


Hence coefficient of x 32 is 15 Cn or 15 C 4 
17. (c) 


18. (c) : T r+l = 2n C r X 


, , 1 Y 

2n^ 2n-r L 


_ 2Hq x 2n-3r 


This contains x m , if 2/7 - 3r = m z.e., if r = 


2/7 — m 


Coefficient of x m = 2w C , r = 


2 / 7 -m 


2/7! 


2n! 


( 2/7 — r)! r! 


2 / 7 -m 1 A 2 / 7 -m 


2/7 - 


2n! 


( 4/7 + mY( 2 / 7 -m 


l 3 


19. (d): Coefficients of 2 nd , 3 rd and 4 th terms are 
respectively n C x , n C 2 and n C 3 are in A.P. 

=> 2- n C 2 = n C 1 + n C 3 
^ 2/7! _ n\ n\ 

2! (/7 — 2)! (/7 — 1) ! 3 ! (/7 — 3)! 

On solving, / 7 2 - 9/7 + 14 = 0 => / 7 2 - 9/7 = -14. 

20 . (d): (1 + x + x 3 +x 4 ) 10 =(l + x ) 10 (1 + x 3 ) 10 

= (i + 10 q -x + 10 c 2 -x 2 + ...)(i + 10 q -x 3 + 10 q -x 6 + ...) 

.’. Coefficient of x 4 = 10 C 1 • 10 C 1 + 10 C 4 = 310 


0 
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21. (c) 


22. (b): Here T r+1 = 9 C r 


2 \ y -'- / 

X 


2 

— 

i x 

V ) 

V 7 


= 9 C x" - (—2 Y 
r ->9-r 


this contains x 9 if 18 — 3r = —9 i.e. if r = 9. 

Coefficient of x~ 9 = 9 C Q - ^ = - 2 9 = -512 
9 2 ° 


23. (d): T 2 =n(xf~ 1 (a) 1 = 240 

...a) 

n(« l) x „_ 2 a 2 =72Q 

-(ii) 

i 1-2 


_n(«-l)(n- 2 ) 33 

14 — x ci — 1080 

—(iii) 


1-2-3 
To eliminate x, 

T 2 -T 4 240-1080 1 


Now, 


T 2 720 • 720 2 

”C r n - r +1 


t 3 t 3 2 


V+l _ W _ 
T n r 

r C r _ i 


Putting r = 3 and 2 in above expression, we get 
w-2 2 1 

=>-= — => n = 5. 

3 w-1 2 

24. (b): p th term = T p = n C p _ x {xf~P +l (l)^ 1 = p 
(p + lf term = T p+1 = n C p {x) n ~P( + =q 
P 

Now, — = - 


p_ Vi 


'c n 


25. (b): T r+1 = 21 C r (l ) 21 r (x) r = 21 C r 

Coefficient of x r = 21 C r and 
coefficient of x r + l - 21 C r + x 
So, we must have 21 C r = 21 C r + j =^> r = 10. 


26. (a) : General term is r - 9 r • 

v / i r+1 - 


3x 2 ^ 9_ 


2 , 


= 9 c„ 


3 V -r 
v 2 / 


Y 


3x 


18-3r 




For the term independent of x, 18 - 3r = 0 => r = 6 


9-6/ i \6 


••• ^6+t = C 6 I - 



- 9 c — 

V 


27. (a) 


28. (a) 


29. (b): (1 + xf = ”C 0 + n C l x + n C 2 x 2 +.... + n C n x n 


sn 


1 + - 

X J 


="c 0 +”c 1 i+”c 2 4+....+”c„( i 

X X z l X 

1 


Obviously, required coefficient of — can be given by 

x 

pi n pipi n s~* _ (2^) • 


+7-1 ' 


(n-l)!(n + l)! 
30. (c) : (x 2 - x - 2) 5 = (x - 2) 5 (1 + x ) 5 

= [ 5 C 0 x 5 — 5 C 1 x 4 x 2 +... ] [ 5 C 0 + 5 C l x +... ] 
Coefficient of x 5 : 

1-5-5-2 + 10-10-4-10-10-8 + 5-5-16-32 
= 1 — 50 + 400 - 800 + 400 — 32 = —81 


31. (a) : We know, 
Given N = 2n +1 

••• r r+1 >T r 

=> 2n + 2-r >r 
r - n 


r+1 


N - r + 1 


- • x 


nn _ nri _ 2 / 7+1 _ 

1 r +1 — 1 n +1 — *+ 1+1 — 


T r+1 2n + 2 - r 
- ! - LL =-x 

T r 

2n + 2>2r => r <n +1 

(2n +1)! 


(m + 1)!m! 


32. (a): (1 + x) w — Cq + C^x + C 2 x + .... + C r x r +.(i) 


1 + - 


-C 0 +Ci- + C 2 —+. + c r — + . 


•••(ii) 


Multiplying both sides and equating coefficient of x r 

in — (l + x) 2 ^or the coefficient of x n + r in (1 + x) 2n 
x 

we get the value of required expression 


2n 


C t 


( 2 «)! 


'n+r ' 


(n-r)\(n + r)\ 


33. (b): (1 + x) n — Cq + C^x + C 2 x + + C^x^ —(i) 

\2 


and | 1 + 2 I = c 0 +C 1 2 + C 2 ( 2 

X I X X 


+ . + C ”lx 


...(ii) 

If we multiply (i) and (ii), we get 

Cq +C 2 +C 2 +.+ C 2 is the term independent of x 

and hence it is equal to the term independent of x in 


0 
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the product (1 + x ) n 


1 + — 1 or in — (1 + x) 2n or term 


x n in (1 + x) 2n is T n + l and equal to 2 n C n = 

_ , x Ci C 2 Co C M 

34. (c) : —+ 2. —+ 3. — + + «.—— 


( 2 n)\ 
n\ n\ 


C 0 Q c 2 


c 


'w -1 


« «(«-l)/l-2 «(«-1 )(m-2)/3-2-1 1 

= —+ 2-h3-K... + H- — 

1 n n(n-l)/T 2 n 

= n + (n-l) + (n- 2 ).... + l = ^n= ^ 

35. (c) 

36. (b) : We have, 

(1 + = Cq + C^.x + C 2 x 2 +.... + C^x ^ 3 

=> (1+x) — =q+c 2 x-+-■+c 15 x 14 

Differentiating both sides with respect to x, we get 
= ,.15(l + x)»-(l + xf-M = C2 + 2 C 3 ;t+ +14<V 3 


Putting x = 1, we get 
C 2 + 2 C 

37. (c) 


C 2 + 2 C 3 +.... +14C 15 = 15-2 14 — 2 15 +1 = 13-2 14 + 1 . 


10 


38. (a ):^A r (B 10 B r -C l 0 A r ) 


10 


r-l 


— (2§n 20/^ 30 n 10/^ \ 

~ Zj W l wo w _ wo w; 


r=l 

10 10 

_ 20 /n x 1 10 /^i 20 ^~i 30/^i x 1 10 lO^-i 

“ W0 Zj WO-r W _ WOZ^ W WO-r 
r=l r=l 

_ 20 /^ /30/^ o 30/^ (20n O _ 30/^ 20 /^ 

- W0 V W0 ~ l ) ~ W0 t W0 ~ l ) ~ W0 “ W0 

= C 10 - Bio 

7 ( 1 r 14 A 

39 . (a,b) : X 77^I r C fc - 14 C r 


k =0 V Qc r-k 


7 

=x 

k =0 V 


1 r 14 

, xLfc|i4-fcT, , 

[14 [fc Ir-fc |r |l4-r 


[r [14 


= if 7 qX 14 -^ r _ fc l=i 7 q.2 l4 - fc 

/c =0 V r=k y /c =0 

© • 


6 7 > 7 6 


40. (a,b,c) : We have, (4 + 3x ) 25 = 4 25 [ 1 + — x 


containing x n in (1 + x) 2n . Clearly the coefficient of 


Let (r + l) th is the term having greatest coefficient. 
=> coefficient of T r + x > coefficient of T r 


4 25 i 


25 


c r 


3JkMr 


25 


25 


C ( 3 ^ 25 —(r — l) 3 

^1 I>1 => -2-'->1 


C ,14 
W-l 


.78 


=> 75-3r + 3>4r r< —<1M42 

7 

But, r is an integer , hence r = 11 
41. (b,c,d) : B = [£] + /= (8 + 3^7 ) 20 

= 20 C 0 8 20 + 20 C 1 8 19 (3V7) +.. 

Where 0 < / < 1 

Let F = (8-3V7 ) 20 = 20 C 0 8 20 - 20 q8 19 (3V7) +.... 

where 0 < F < 1 

[R] + f + F = 2 [ 20 C 0 8 20 + 20 C 2 8 18 

+ 20 C 2 8 16 (3^7 )] 2 +.] = an even integer 

[R] = an even integer - 1 = an odd integer 

Also, R — [R] = f = l — F = l — (8 — 3^7 ) 20 
1 


= 1 - 


(8 + 3V7) 


,20 


Again RF = 1 => R (1 - f) = 1=> R {1 - R + [R]} = 1 
Therefore R + R[R] = 1 + R 2 

42. (a,d): T 3 = 5 C 2 \- (x logl ° x ) 2 = 10x _3+21ogl ° x =1000 
v 3 


-3+2 log 10 x . 


: 100 => x = 100, 


.2 \n 


Vio 


-(i) 


43. (a,b) : v (1 + x + x )' 

2 In 

— Uq CL-^X U 2 X +.+ (^2 n X 

Put x-i in (i) we get, 

(1 + / + i 2 ) n = ( Uq — U 2 + CI 4 . ~ Clfr + •••) + 

i(di — #3 + #5 — (27 + ...) 

=> z n = (a 0 - a 2 + a 4 - a 6 +...) + i(a-y - a 3 + a 5 - a 7 +...) 
If n is odd, then R e(i n ) = 0 

Uq — U 2 + CI 4 ~ Clft + .... = 0 

If n is even, then Im(/ n ) = 0 

U\ — U 3 + — (27 +.... = 0 

44. (a,b,d) 
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45. (b,c) :a =2 + -*- 1-- 


[21 n 


+ W~n 


1— |+. 
n 


(n+2)ni (n+2)ni 

-2 n +e 3 +e 3 


~ (n+2)n 

-2 +2 cos- 

3 


(l-Il 

Ml 

.fi-- 1 ] 

.-. c 2 +c 5 +c 8 +....—- 

2^+2 cos {n + 2 ) — 

l n ) 

V 

l ” J 

3 

3 _ 


\n 


Take < 1 +1 + -—f- -—I-.+ -— 

" [2 [3 

< 1 + 1 + - + — +.+ - 

2 2 2 : 

a <3-— < 3 V «>1 = 

n ^n -1 




<4Vn>l 


46. (b): Replacing * by —, we get 


2°° r i t ( i i 

2j a r 


r =0 




\100 


1+ - + ^ 

X v 

V X J 


1 9 

(x + X + 1) 


200 


200 200 
X« r X 200 -=(x 2 + X + ir = X«200-^ 


200-r 


r =0 r =0 

Equating the coefficient of x 200 “ r , we get a r = a 200 - 

47. (c) : Put x = 1 in given expression, we get 
a 0 + a l + a 2 + •••• + a 200 = 3 100 

But U r — ^200 - r 

2(a 0 + .... + a 99 ) + a 10 o = 3 100 

=> a 0 +a x + ... + a 99 = -(3 100 -a 100 ) 

48. (d): On differentiating, we get 

200 

100(1 + 2 x)(l + x + x 2 vci r x r 

r =0 

49. (a) : (1 + x)" = C 0 + C x x + C 2 x 2 + C 3 x 3 + .... 
Put x = 1, 00 , co 2 and adding we get, 

3(C 0 + C 3 + C 6 + ....) = 2 " + (-co 2 )" + (-CD)" 

1 .yfe n . . n 2 n . . n 

-CD = — i — = cos- 1 sin—; - CD = cos — + 1 sin— 

2 2 3 3 3 3 

c 0 + c 3 + c 6 +. 

1 „ nn . . nn nn . . nn 

2 + cos-bzsin-b cos-zsin — 

3 3 3 3 


_ft „ nn 
2 n +2 cos — 


50. (d): (1 + x)" = C 0 + C x x + C 2 x 2 + C 3 x 3 + C 4 x 4 

+ C 5 x 5 + C 6 x 6 + C 7 x 7 + C 8 x 8 + .... 
Multiply by x on both sides we get, 
x(l + x)" = C 0 x + C x x 2 + C 2 x 3 + C 3 x 4 + C 4 x 5 + C 5 x 6 

+ C 5 X 7 + C 7 X 8 + C 8 x 9 + .... 
Put x = 1 , CD, CD 2 and then adding we get 

27 li nni 4ni nni 
3 • (C 2 + C 5 + C 8 +...) = 2 n +e 3 -c 3 + c 3 -c 3 


51. (c) : S l =]x m (l-x) n dx ; 

l 0 

S 2 = J x n (1 — x) m dx => Sj = S 2 




-dx 


52. (a) : Given series = J 

_ \l-x n 11 1 

— ——dx — lH-1-b...H— 

{ 1 — x 2 3 n 


53. (A) —» (s), (B) —» (p), (C) —> (r) 
(A) S= X (i + j)(C r Cj ) 

0 <i<j<n 

= X ( n-i + n-j)(C r Cj) 

0 <i<j<n 

2S = 2n X (C/'C;) 

0 < i < j < n 

S = nJ j C r C ] =^[2 ln -2n Cn ] 


2 

X (C r Cj) = k.2 2n 

0 < i < j < n Z 


■ 2 n c 


m IX ("<+<+XX "Ci+xx " Cj 

0 <i<j<n 0 <i<j<n 0 <i<j<n 

= n ■ 2” _1 + n ■ 2” -1 =n-2 n 

(o XX ? ''” C ; = E ”c ; (° +1+2+ . + 7 -d 

0 <i<j<n j =1 

j=i j=i j=i 

= -(n + l)n-2 n 2 —«- 2 n ^ =n(n — 1 )- 2 ” 3 
2 2 

54. (A) —» (s), (B) —> (r), (C) —> (q), (D) —> (p) 

(A) (16+3-1)^^ _18 C2 = 18X17 = 153 

(B) — + 1 = — + 1 = 4 
2 2 

(C) = 4 + F(Tj, T 25 , r 49 , r 73 are rationals) 

Total number of irrational terms = 101 - 4 = 97 

/ 1 2 Y 2 

(D) put x = y = 1 => U + - + - I = 2 12 
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55. (A) -> (r, s, t), (B) (s, t), (C) -> (q, r, s, t), 

(D) -> (p, q, r, s, t) 

We first observe that n = 8 

(A) r = 5 

(B) 8 r • 2 r > 8 r 2 r 1 <=>-> — <=> r < 6 

u r W-i r 2 

But for r = 6 , 8 r -2 6 =8 r -2 5 

C 6 C 5 

T 6 and T * 7 are the terms whose coefficients have 
greatest value (equal to 7 ( 2 8 )). 

(C) T r+1 =n c - 2 r x r/ 3 is an integer only if r = 0,3 
and 6 . So the number of integral terms is 3 

(D) x= * => R = (sl 2+1 ) 8 

V2 

= 1 — (V2 — l) 8 + (V 2 +1) 8 + (V 2 — l) 8 — 1 

= 1 + f where / = 1 — (V 2 - 1) 8 

=> i?(l-/) = (V2+l) 8 (V2-l) 8 =l 

56. (1): We have 3 100 = (3 4 ) 25 = (81) 25 = (80 + l ) 25 
= 25 C 0 -(80) 25 + 25 q • (80) 24 + ....+ 25 C 22 (80) 3 

+ 25 C 23 (80) 2 + 25 C 24 (80) + 25 C 25 

= 10 3 [ 25 C 0 8 25 xlO 22 + 25 qx8 24 xl0 21 +. + 25 C 22 x 8 3 ] 

+ 25x 24 x(80)2+25x80 + 1 
2 

= 10 3 m +1920000+ 2000 + 1, where me AT 


= 10 i (m + 1920 + 2 ) + 1 

=> 3 100 -1 = 10 3 (m +1922) 

=> 3 100 - 1 is divisible by 1000 

Thus, last three digits of 3 100 are 001 i.e., 1 

57. (4) 

58. ( 8 ): Given, 8 q x (l-x ) 7 +2 8 C 2 x 2 (l-x ) 6 

+ 3 8 C 3 x 3 (l — x ) 3 +.+ yi 8 Cg x 8 = ux + b 

Solution we have, ”q x(l — x) n *+2 n C 2 x 2 {l — x) n 2 
+ 3” C 3 x 3 (1 - x )” -3 +.+ n n C n x n 

= Jr- vd-*r=- ” _ 1 q_! x r a-xr r 

r=l r=l r 

= nxf j n - l C r _ x x r_1 (l -x) ( ”- lHr - 1} 
r=l 

= nx[x + (l-x)f - 1 =nx = 8x (v „ = 8) 

=> a = 8, b = 0 a + b = 8 

59. (2) 

60. ( 0 ): Coefficient of x 103 in 

(1 + V + X 2 + X 3 + x 4 ) 199 (x - l) 201 
Coefficient of x 103 in -(1 - x) 2 (1 - x 5 ) 199 
Coefficient of x 103 in -(1 - 2x + x 2 )(l - 199 Ci x 5 

+ 199 C 2 x 10 - 199 C 3 x 15 + .) 

Coefficient of x 103 = 0 
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CLASS XI 


Series 7 


ACE 



YOUR WAY rrara 

Straight Lines | Conic Sections | Introduction to 
Three Dimensional Geometry 


Important Formulae ! 


STRAIGHT LINES 


Distance between two points P(x v y 1 ) and 

Q(x 2 ,y 2 ) is PQ = ff -x x ) 2 +(y 2 -yj) 2 
Section formula : If the point P{x, y) divides the line 
segment joining the points A(x v y ] ) and B(x 2 , y 2 ) in 
the ratio m : n, then 

' mx 2 + nx x my 2 + ny x 


*i yi 

+ 

x 2 

72 

+ 

x 3 

73 

_ x 2 Jl 



73 


X 1 

7i _ 


(x,y) = 


( *,y) 


m + n 


m + n 


mx 2 - nx l my 2 


(Internal Division) 
' ny x 


m-n 


*l+*2 


m-n 

(External Division) 
— 1 (midpointformula) 


> (*>7) = . 

V 2 2 

If A = (x v yfy B = (x 2 ,y 2 ) and C = (x 3 ,y 3 ) are the vertices 
and G(x,y ), J(x, y) be the centroid and incentre of 
A ABC respectively, then 

> G{x,y) = ' X ' +X2+X} K+ft+H 

> I(x, y) = 


3 3 

ax 1 + bx 2 + cx 3 ay 1 + by 2 + cy 3 


: mod of 


> Points A(x p y x ), 5(x 2 , y 2 ), C(x y y 3 ) are collinear 
iffar(AABC) = 0 

► Area of polygon whose vertices are (x v y l ), (x 2 ,y 2 ), ., 

(x n ,y n ) 


= mod of — 


► Slope of a line passing through points (x v y x ) and 
(x 2 , y 2 ) and making an angle 0 with positive direction 

y? — 

of x-axis is given by m = tan0 = —-- 

x 2 ~Xi 

► Let the slopes of two lines be m x and m 2 . Then 

> Lines are parallel iffm l = m 2 

> Lines are perpendicular ijfm l m 2 = -1 


x i yi 

+ 

x 2 

72 


.. + 

7n 

_ x 2 72 


x 3 

73 



x i yi _ 


a -\~b + c a + b + c 

where a, b, c (respectively) be the sides of the triangle. 
If A = (x v y 1 ), B = (x 2 ,y 2 ) and C = (x 3 ,y 3 ), then 

l Ji 


> Angle between two lines tan 0 = 


m x - m 2 


1 + m 1 m 2 


> Area ofAABC = mod of 


72 

73 


► Equation of the line passing through points (x v yf) and 
(x 2 , y 2 ) is y-y x = ———(x - x x ) 
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► Equation of line passing through point (x x , y x ) with 
slope m isy -y 1 = m(x - x x ) 

► Equation of line with slope m and y-intercept equal 
to c is y = mx + c 


a i h 
a 2 b 2 
a 3 b 3 


C 1 


c 2 

c 3 


= 0 


► 


► 


► 


► 


Equation of line making intercepts a and b with x and 

y axes respectively is — + — = 1 
a b 

Length of the perpendicular from the point 

\aa + b$ + c\ 

(a, (3) to the line ax + by + c = Ois 


\[a' 


2 vb 2 


The distance between two parallel lines ax + by + c x = 0 
and ax + by + c 7 = 0 is d- - ° 2 1 

TTTb 1 

The lines apx + bpy + c 1 = 0 , a 2 x + byy + c 2 = 0 and 
a 3 x + b 3 y + c 3 = 0 are said to be concurrent if 


► Equation of any line parallel and perpendicular to line 
ax + by + c = 0 is ax + by + k = 0 and bx - ay + k = 0 
respectively. 

► Two points (x p y x ) and (x 2 , y 2 ) are on the same 
side or on opposite side of the line ax + by + c = 0 
according as the expression ax x + by x + c and 
ax 2 + by 2 + c have same sign or opposite sign. 

► Points P(x p y x ) and Q(x v y 2 ) lie on the same 
side or opposite side of the line ax + by + c = 0 
according as this line divides the line segment 
PQ externally or internally. 


CONIC SECTIONS 


Circle 

► The equation of a circle with centre (h, k) and radius 
r is given by (x - h) 2 + (y - k) 2 = r 2 . 

► The equation of a circle with A(x x> y x ) and B(x 2 , y 2 ) 
as the end points of a diameter is 

(x - x x )(x - x 2 ) + (y- y x ){y - y 2 ) = 0 . 

► The general equation of a circle is 
x 2 + y 2 + 2 gx + 2 fy + c = 0 . 

where centre = (-g, -/) and radius = ^ jg 2 + j 2 _ c 

► The parametric equations of a circle with centre at 
(h, k) and radius Y are given by 

x-hvr cos 0 ; y = k + r sin 0 . 


> 

> 

> 

> 

> 

> 

> 


Centre is 0(0, 0). 

Vertices are A(-a, 0) and B(a, 0). 

Foci are F x (-ae, 0) and F 2 (ae, 0). 

Length of the major axis = 2 a and length of the 
minor axis = 2b. 


Equation of the major axis is y = 0 and that of 
the minor axis is x = 0. 

2 b 2 

Length of the latus rectum = - 


a 


V « 2 -& 2 

Eccentricity, e = - 

a 


Hyperbola 


Parabola 

► If y 2 = 4 ax, a > 0 is a parabola then, 

> Focus is F(a, 0) > Vertex is 0(0, 0) 

> Equation of directrix is xv a - 0 

> Equation of axis is y = 0 

> Length of latus rectum = 4a 

> Equation of latus rectum is x- a. 

► If x 2 = 4ay, a >0 is a parabola then, 

> Focus is F( 0, a) > Vertex is 0(0, 0) 

> Equation of directrix is y + a = 0 

> Equation of axis is x = 0 

> Length of latus rectum = 4a 

> Equation of latus rectum is y = a 
Ellipse 

► The standard form of equation of a horizontal ellipse 

Z5 = 1 , 0 < b < a. 

a 2 b 2 


► The standard equation of a horizontal hyperbola is 



> Centre is 0(0, 0). 

> x-axis is the transverse axis and y-axis is the 
conjugate axis. 

> Foci are Ff-ae, 0) and F 2 (ae, 0). 

> Vertices are A(-a, 0) and B(a, 0). 

„ , . Vfl 2 Tb 2 

> Eccentricity, e = -. 

a 

> Length of the transverse axis = 2a and its 
equation is y- 0 . 

> Length of the conjugate axis -2b and its equation 
is x = 0 . 

2 b 2 

> Length of its latus rectum = -. 


0 


MATHEMATICS TODAY | NOVEMBER 17 














► 


INTRODUCTION TO THREE DIMENSIONAL GEOMETRY 


Coordinates of any point 

> on x-axis (x, 0 , 0), on y-axis ( 0 , y ; 0). 

> on z-axis (" 0 , 0 , z). 

> in xy-plane (x, y, 0 ). 

> in yz-plane (" 0 , y, z). 

> in zx-plane (x, 0, z). 


> From x-axis 


= 


2 +c 2 


► The coordinates of the point R which divides the 
line segment joining two points P(x v y v zfj and 
Q(x 2 , y 2 , z 2 ) internally and externally in the ratio 
m : n are given by 

( mx 2 + nx x my 2 + ny x mz 2 + nz l \ ^ 

V m + n ’ m + n ’ m + n ) 

{ M 1 rnz2Z^\ respective l y . 

V m-n m-n m-n J 


> From y-axis = 

> From z-axis = ^/ fl 2 + fr 2 

► If a point moves parallel to x-axis, then its y and 
z coordinates remain fixed. 

► If a point moves parallel to xy-plane, then its z 
coordinate remains constant. 

► If A = (x v y v z x ), B = (x 2 , y 2 , z 2 ), then 

AB = j{x l - x 2 ) 2 + (j ~ 72 ) 2 + ( z i “ Tf 

(Distance formula) 


► The coordinates of the mid-point of the line segment 
joining two points P(x v y v zfi and Q(x 2 , y 2 , z 2 ) are 

x l+ x 2 71+72 Z l+Z 2 ] 

2 ’ 2 2 ) 

► The coordinates of the centroid of the triangle, whose 
vertices are (x v y v zfi, (x 2 , y 2 , z 2 ) and (x y y y zfj are 

X 1 +X 2 +X 3 71+72+73 Z l+ Z 2+ Z 3^ 

y y I 

3 3 3 ) 

► If AB + BC = AC, then A, B, C are collinear and B 
lies between A and C. 



1 . If the slope of the line joining ( 2 , 5) and (3, X) is -2, 
find the value of X. 

2. Show that the points A(2, 3, 4), B(- 1 , 2, -3) and 
C(-4, 1, - 10 ) are collinear. Also, find the ratio in 
which C divides AB. 

3. Find the equation of circle of radius 5, passing 
through the origin and having its centre on the y- axis. 

4. Find the equation of the hyperbola having 

4 

eccentricity e = — and vertices at ( 0 , ± 7). 

5. Find the equation of the parabola whose focus is 
( 1 , 1 ) and the directrix x + y + 1 = 0 . 

SHORT ANSWER TYPE 

6 . Determine the point in X7-plane which is 
equidistant from the three points (2, 0, 3), (0, 3, 2) 
and ( 0 , 0 , 1 ). 

7. Find the points of trisection of the line segment 
joining the points (2, -2, 7) and (5, 1, -5). 

8 . The line through the points (h, 3) and (4, 1 ) 
intersects the line 7x - 9y - 19 = 0 at right angle. 
Find the value of h. 


9. The girder of a railway bridge is a parabola with its 
vertex at the highest point, 10 m above the ends. If 
the span is 100 m, find its height at 20 m from the 
mid-point. 

10. Find the equation of the circle passing through the 
point (2, 4) and centre at the intersection of the 
lines x-y-4 and 2x + 3y = -7. 

LONG ANSWER TYPE - I 

11 . The foci of a hyperbola coincides with the foci of 

2 2 
X V 

the ellipse-h — = 1 . Find the equation of the 

25 9 

hyperbola if its eccentricity is 2 . 

12 . Show that the points (5,5), ( 6 ,4), (- 2 ,4) and (7, 1 ) all 
lie on a circle and find its equation, centre and radius. 

x v 

13. If for a variable line —+ —= 1, the condition 

a b 

a~ 2 + b~ 2 = C 2 (c is a constant) is satisfied, find the 
locus of foot of the perpendicular drawn from the 
origin to this line. 

14. The vertices of a triangle are A(5, 4, 6 ), B( 1 , - 1 , 3) 
and C(4, 3, 2 ). The internal bisector of ABAC meets 
BC in D. Find AD. 

15. Find the equation of the ellipse that passes through the 
origin and has the foci at the points (- 1 , 1 ) and ( 1 , 1 ). 
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LONG ANSWER TYPE - II 

16. Find the equation of the hyperbola whose foci are at 
(0, ± VlO) and which passes through the point (2,3). 

17 . The vertices of a triangle are A(10, 4), B(- 4, 9) and 
C(-2, -1). Find the equation of the altitude through 
A. Also, find the foot of this altitude. 

18 . Find the equation of the line midway between the 
parallel lines 9x + 6y - 7 = 0 and 3x + 2y + 6 = 0. 

19 . Find the lengths and equations of major and minor 
axes, centre, eccentricity, foci, equation of directrices, 
vertices and length of latus rectums for the ellipse 
16x 2 + y 2 = 16. 

20 . If y v y v y 3 be the ordinates of vertices of a 
triangle inscribed in a parabola y 2 - 4 ax, 
then show that the area of the triangle is 

^-0'l->'2)0'2->'3)0'3-.yi) • 


SOLUTIONS 


1. Let A = (2,5) and B = (3, X) 

A_ r 

Slope of AB - -2 => - 2 =- 

3-2 

=> -2 = 7.-5 => X = 5 - 2 = 3 


2. Given, A = (2, 3, 4), B = (-1, 2, -3), C = (-4, 1, -10) 
Let C divide AB in the ratio k : 1, then 

—k + 2 2k + 3 —3k + 4 ^ 

Jfc + 1 ’ Jfc + 1 ’ Jfc + 1 J 

-= —4 => 3 k = —6 => k = —2 

k + 1 

For this value of fc, ^ + ^ = i and ^ + ^ = -10 
Jfc + 1 Jfc + 1 

Hence, C divides AP externally in the ratio 2:1. 

3. The radius of circle = 5. 

The circle passes through 
the origin and its centre is 
on the y-axis. 

Equation of circles are 
(x - 0) 2 + (y - 5) 2 = 5 2 
=> x 2 + y 2 -10 y - 0 

and (x - 0) 2 + (y + 5) 2 = 5 2 
=^> x 2 + y 2 + lOy + 25 = 25 or x 2 + y 2 + lOy = 0 

0 




4. The vertices of the hyperbola are at (0, ±7). These 

are on the y-axis. Centre of the hyperbola will be (0, 0). 

2 2 
y x 

Let the equation of the hyperbola be — -— = l ...(i) 

a b 2 

where a, b > 0 and b 2 = a 2 (e 2 - 1) 

The vertices of this hyperbola are (0, ± a) a -7 


Now, b 2 = a 2 (e 2 -1) = 7 2 



343 

9 


.*. From (i), we get 

2 2 2 n 2 
„ i y x n y 9x 

Required equation = —- - —— = 1 or-= 1 

4 4 ( 7 ) 2 343 49 343 

9 

5. Let P(x, y) be any point on the parabola. 

Then the distance of P(x, y) from the focus (1,1) 

= distance of P(x, y) from the directrix x + y + 1 = 0 
/. PS = PN 


V(x-l) 2 +(y-l ) 2 = 


| x + y +11 

V( i) 2 +d ) 2 


Squaring (i), we get 




2[x 2 + 1 - 2x + y 2 + 1 - 2y\ 

= x 2 + y 2 + 2 xy + 2y + 2x + 1 C 
x 2 - 2x7 + 7 2 - 6x - 6y + 3 = 0 



• 4 ) 

P(x, y) 


6. Let P(x, y, 0) be the point in XY-plane which is 
equidistant from A(2, 0, 3), B( 0, 3, 2) and C(0, 0,1). 
Then, AP = BP = CP => AP 2 = BP 2 = CP 2 . 

Now, AP 2 = CP 2 

=> (x - 2) 2 + (7 - 0) 2 + (0 - 3) 2 

= (x - 0) 2 + (7 - 0) 2 + (0 - l) 2 

x 2 + 4 - 4x + 7 2 + 9 = x 2 + y 2 + 1 
=> -4x = -12 =4> x = 3. 

Again, BP 2 = CP 2 

=> (x - 0) 2 + (y - 3) 2 + (0 - 2) 2 

= (x - 0) 2 + (y - 0) 2 + (0 - l) 2 
x 2 +y 2 + 9-6y + 4 = x 2 +y 2 +l y = 2 
Hence the required point is P(x, y, 0) = P(3, 2, 0). 


7. Let P and Q be the points of trisection. 

Then, AP = PQ = QB 

.*. P divides AB internally in the ratio 1 : 2 

p = flx5 + 2x2 1X1 + 2 X (-2) 1 x (-5) + 2x7 

“I 2 + 1 ’ 2 + 1 ’ 2 + 1 


or P = (3, -1, 3). Now, Q is the mid-point of PB 
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Q = 


3 + 5 -1 + 1 3-5 


2 2 2 ) 
8 . Slope of the line PQ passing 
through P(h, 3) and Q(4, 1 ) 

. 3-1 2 

is -=- 

h — 4 h- 4 

Slope of the line AB , 

7 

7x - 9y -19 = 0 is -. 


0,-1) 


7x - 9 y 

-19 = 0 

p ■ 

' (h, 3) 

Q- 

' (4, 1) 


The lines AB and PQ are perpendicular to each other. 


2 

/z - 4 



=> 14 = -9{h - 4) => 9/z = 36 -14 = 22 



9. The girder BAC of the bridge has been shown in the 
figure. We take the vertex A of the parabola as origin 
and the axis of the parabola as 7 -axis. Then equation of 
the parabola will be x 2 = -4 ay, a > 0 ...(i) 

Given, AM = 10 m and BC = 100 m 
As M is the mid-point of BC 

MC = 50 m and C = (50, - 10) 


Since C lies on the parabola (i) 



Let MN = 20 m, we draw NR _L AX to meet the 
parabola in P. 

As P lies below x-axis, coordinates of P are (20, -(3), 
where (3 = PR > 0. 

Since P lies on the parabola (i) 


20 2 =-4 — -(-p): 
4 


400 = 8 = i6 

250 5 


.*. Required height = NR - PR = 10 - 1.6 = 8.4 m. 

10. The point of intersection of the lines x - y - 4 = 0 
and 2x + 3y + 7 = 0 is (1, -3). 

Now, centre of circle is (1, -3), and it passes through 
the point (2, 4). 

Radius = >/(2 -1 ) 2 + (4 + 3 ) 2 = + + 49 = ^50 


Hence the required equation of the circle is 

(x - l ) 2 + (y + 3 ) 2 = (V50) 2 => x 2 + y 2 - 2x + 6y - 40 = 0 


2 2 2 2 
XV XV 

11 . The given ellipse is- 1 -= 1 or — + — = 1 

25 9 s 3 Z 

Here 5 > 3 a = 5 and = 3 


Eccentricity of the ellipse, e = Jl ■ 


= 4 1 


25 


Foci of the ellipse are (± ae, 0) or (± 5 (4/5), 0) or 
(± 4, 0) 

Also centre of the hyperbola will be ( 0 , 0). 

2 2 
X V 

Let the equation of the hyperbola be-— = 1 

A 2 B 2 


Foci are (± Ac, 0) or (± 2A, 0) 
2A = 4 => A = 2 and 

B = AVe 2 - 1 = 2 a/(2) 2 — 1 = 2 V 3 
The equation of the hyperbola is 


[V * = 2] 




(2) 2 (2 V 3) 2 


2 2 

T X T 1 

= 1 or-— = 1 

4 12 


12. Let the equation of the circle through (5, 5), ( 6 , 4) 
and (-2, 4) be x 2 + y 2 + 2gx + 2/y + c = 0 ...(i) 

As (i) passes through (5, 5), ( 6 , 4) and (- 2 , 4), we get 
25 + 25 + 10£+ 10/+ c = 0 

or lOg + 10/+ c = -50 ...(ii) 

36 + 16 + 12g + 8 / + c = 0 

or 12g + 8 /+ c = -52 ...(iii) 

4 + 16 - 4g + 8 /+ c = 0 or -4 g + 8 /+ c = -20 ...(iv) 

Subtracting (ii) from (iii) and (iv), we get 

2g - 2 / =- 2 °rg -/=- 1 ...(v) 

and -14^ - 2/= 30 or 7g +/= -15 ---(vi) 

Adding (v) and (vi), we get 8g=-16=>g=-2 

Putting g = -2 in (v), we get/= -2 + 1 = -1 

Putting g = -2,/= -1 in (ii), we get 

10(-2) + 10(-1) + c = -50 or c = -20 

Putting the values of g,f and c in (i), we get 

x 2 + y 2 - 4x - 2y - 20 = 0 ...(vii) 


To check if (7, 1 ) lies on (vii), we put x- 7 and 
y = 1 in (vii) 

7 2 + l 2 - 4(7) - 2(1) - 20 = 0 
or 49 + 1 - 28 - 2 - 20 = 0 or 0 = 0. 

Thus, (7, 1 ) lies on (vii), Centre of (vii) is ( 2 , 1 ) and 

radius is ^2 2 +1 2 - (-20) = V25 = 5. 
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X V 

13. The given line is — + — = 1 
a b 




x v 

Equation of the line _L to (i) from (0, 0) is-— = 0 . 

b a 

—(ii) 

Let (a, |3) be the point of intersection of (i) and (ii). 

Then — + - = 1 -(hi) and ^-- = 0 -(iv) 

a b b a 

Squaring and adding (iii) and (iv), we get 


a 


1 1 

~ 2 ~ + 72 
a b 


+ P 


1 1 

7T + 

b a 


= 1 


(a +p )| — + 2 


1 1 

K a~ b 
a 2 + (3 2 = c 2 . 


: i => (a 2 +(3 2 ) 


Thus, locus of (a, (3) is x 2 + y 2 = c 2 . 

^4 


4 2 + 5 2 + 3 2 = 5 V 2 


14. AB 
AC = Vl 2 +l 2 +4 2 = 3^2 


Since AD is the internal bisector of ABAC 


A{ 5, 4, 6) 



BD _ AB _ 5 
DC ~ AC ~ 3 


Also, D divides BC internally in the ratio 5 : 3 

5x4 + 3x 1 5x3 + 3 x (-1) 5x2 + 3x3 


D = 


5 + 3 


5 + 3 


5 + 3 


23 12 19^| 

8 5 8 5 8 J 



17 2 +20 2 +29 2 


Vl530 . 

-units 

8 


15. Let P(x, y) be any point on 
the ellipse and the foci be S(-l, 1 ) 
and S' ( 1 , 1 ). 

Now, P and O lies on the ellipse 
=> PS + PS' = constant = OS + OS' 



[Since sum of focal distances of any point on the ellipse 
is constant.] 

=> >/(*+D 2 + O' - D 2 + >/(* - D 2 + O' - 1 ) 2 = 2V2 

=> \/(x +1) 2 + (7 — l) 2 = 2V2 — -J(x — l) 2 + (_y — l) 2 
=> (x + l) 2 + (y - l) 2 = 8 + [(x - l) 2 + (y - l) 2 ] 

— 4^2 a/(x — l ) 2 + (y — l ) 2 
=> x 2 + 2x + 1 + y 2 - 2y + 1 = 8 + x 2 - 2x + 1 + y 2 
- 2 y+l — 4 \f 2 \j(x — l) 2 + (y — l) 2 

=> 4x — 8 = -4V2 ^/(x -1) 2 + (y -1) 2 

=> X — 2 = — — l) 2 + (y — l) 2 

=^> x 2 - 4 x + 4 = 2 [x 2 - 2 x + 1 + y 2 - 2 y + 1 ] 

=> x 2 + 2 y 2 - 4 y = 0 is the required equation of the 
ellipse. 

16 . Since the foci of the given hyperbola are of the form 
(0, ± c), it is a case of vertical hyperbola. 

2 2 

Let its equation be Z _— = 1 ...(i) 

2 u 2 
a b 

Let its foci be ( 0 , ± c). 

But, the foci are (0, ± VlO). 

.-. C = V10 <^> c 2 = 10 <^> a 2 + b 2 = 10 -(h) 


[+ c 2 = a 2 + b 2 ] 
9 4 

Since (i) passes through (2, 3), we have —-— = 1. 

a b 

9 4 9 4 

Now, —- —= 1 o —- — = l [Using (ii)] 

a b 2 a 2 (10 -a 2 ) 

<=> 9(10 - a 2 ) - 4 a 2 = a 2 (10 - a 2 ) 

<=> a 4 - 23 a 2 + 90 = 0 (a 2 - 18) (a 2 - 5) = 0 

<=> u 2 = 5 

[•.' a 2 = 18 => fr 2 = -8, which is not possible] 

Thus, a 2 = 5 and b 2 = 5. 2 2 

v JC 

Hence, the required equation is --= 1 

2 2 c 5 5 

z.e., y z - v z = 5. 


17. Altitude AL is the line through A and perpendicular 
to BC as shown. A( 10 ,4) 

Now, slope of 

9-(-l) = 10 = _ 5 
-2 


BC 


- 4 -(- 2 ) 
Slope of AL 


1/5 


Equation of the altitude 


B(-4, 9) 



C(-2, -1) 


0 
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AL is y~ 4 = —(x —10) 

5 

=> 5y - 20 = x - 10 

=^> x - 5y + 10 = 0 ...(i) 

-1-9 

Now, equation of BC is y -9 - ^ + ^ (x + 

=> y - 9 - -5(x + 4) or 5x + 7 + 11 = 0 ...(ii) 

Now, L is the point of intersection of BC and AL. 
Solving (i) and (ii) simultaneously for x and y, we get 

1 5 3 


x _y 

10 + 55 ~~ 11-50 ~~ -25-1 


x = —, v = -. 
2 2 


5 3 


3x + 2 y + 6 — 0 


6 

-3 _ 

y = —v - 3 
2 




...(hi) 


-3 

Let the equation ofLbe y = —x + C 

Then, distance between (i) and (iii) must be equal to 
the distance between (ii) and (iii). 

■Cl 


q C | _ | C 2 ■ 


■■ 4 


l + m 

7 -c 

6 


4 


| c l - c | = | c 2 - c | 


l + m 
3 — C | 


*-c 

6 


3 + C I 


16x 2 + y 2 


2 2 

x y 

16 or —+ Ar = l 
l 2 4 2 




Here 4 > 1 a = 4, fo = 1 
Length of major axis = 2a = 8 
Length of minor axis -2b -2 
Equation of major axis is x = 0 
Equation of minor axis is y - 0 
Coordinates of centre are (0, 0) 


Foot of perpendicular, L = y- —, — 

18 . Converting each of the given equations to the form 
y - mx + C, we get 

-3 7 

9x + 6y - 7 = 0 =^> y -—x + — 


b 2 1 r V 15 

Eccentricity of the ellipse e = J1- j = J1-=- 

V V 16 4 

Coordinates of foci are given by y - ± ae, x = 0 
or y = ± Vl5, x = 0 
Hence foci are (0, ± Vl5). 

r 1 . a ,16 

Equation of directrices are y = ±— or y = ± —j= 

e v 15 

Coordinates of vertices are given by (0, ±4). 


Length of latus rectum = 


2b z 2x1 1 


...(h) 
-3 

Clearly, the slope of each one of the given lines is — . 

Let the given lines be y - mx + C x and y - mx + C 2 . 
-3 7 

Then, m = —, Ci = — and C 9 = -3. 

2 6 

Let L be the required line. Then, L is parallel to each one 
of (i) and (ii), and equidistant from each one of them. 

Slope of 


20. Let A(x p y x ), B(x 2 , y 2 ) and C(x 3 , y 3 ) be the vertices 
of A ABC. Since (x p y x ), (x 2 , y 2 ) and (x 3 , y 3 ) lie on the 
parabola, y 2 = 4 ax 

y 2 = 4ax v y 2 = 4ax 2 and y 3 2 = 4 ax 3 

=^> = —, x 2 = — and x 3 = — 

1 4a z 4a * 4a 

Now, area of A ABC 

= h(*l 0 '2 - ^3) + x 2 (y 3 - y\) + %+ - 72)1 


1 

Zl 

2 

4a 


1 

8 

1 a 1 


1 

8 

1 a 1 


1 

8 

1 a 1 


— I 
4a 


j 2 
—i 
4a 


I (?2 - ^ 3 ) W + 72^3 - 7l(^2 + 73)] I 
I (^2 - J+UO'l - 72) - 73+ - 72)] I 
(7l-72)(72 -73)(73-7l) 


—C = 3 + C => 2C =- => C =-. 

6 6 12 

Equation ofLis y - —x - 

H 7 2 12 

z.e., 18x + 12y +11 = 0. 

Hence, the line 18x + 12y + 11 = 0 is midway between 
the parallel lines 9x + 6y - 7 = 0 and 3x + 2y + 6 = 0. 

19 . Given equation of the ellipse is 


Hence, area of A ABC = 


— ( 71 - 72 K 72 - 73 H 73 - 71 ) 
.<$><$> 
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MONTHLY 

Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Limits and Derivatives 



Class XI 



Total Marks: 80 

Only One Option Correct Type 


1 . The value of lim 

JC—>1/2 


r 8x-3 Ax 2 + L 


2x —1 4x 2 — 1 


IS 










X 2 X 100 

2 . If f(x) = l + x + -+... + -^^, then/'(l) is equal to 


(a) — (b) 100 

100 


(c) 1 


(d) 0 



7 fill 


lim ( 

1 ^ ^[4 8 16 

v5 J 

2 «+l 

n—>oo\ 



(a) 2 

(b) 4 

(c) 8 


equals 


(d) 0 

n 

4. The derivative of /(tan x) w.r.t. g(sec x) at x = —, 

4 

where/'(l) = 2 andg'(V2) = 4, is 

(a) -L (b) V2 (c) 1 

V2 

- ,. s sinx-cosx _ 

5. lim- is equal to 

71 71 ^ 

X - 

6 6 

(a) 3 (b) -2 (c) 2 


(d) -1 


(d) 4 


6 . lim 

n ^™\(mri) n 


n\ \n 


equals 

1 


m 


(a) em (b) — (c) 

em e 


(d) - 

m 


Time Taken: 60 Min. 

One or More Than One Option(s) Correct Type 


7. Let y = a/x + V* + V* + -°°> then ^ is equal 

ax 


to 


(a) 

(c) 


1 


2^-1 

1 

Vl + 2x 


(b) 

(d) 


y 


x + y 

y 

2 x + y 


8 . If lim (2 - x + a[x - 1] + b[ 1 +x]) exists, then find 

x —>1 

the possible values of a and b (where [.] denotes the 
greatest integer function). 

(a) a = 1/3, b - 1 (b) a = 1, b = -1 

(c) a = 9, £> = -9 (d) a-2,b- 2/3 


9. Let /(x) : 

a is 
(a) 1 


2 x 

1 + — , 0 <x<l yri . . . 

a . It lim /(x) exists, then 

ax, 1 < x < 2 

(b) -1 (c) 2 (d) -2 
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10. If f(x) - + ", then f'{y/n j 


is 


(a) ^ (b) 0 

6 


(c) Te (d) 


11. /(x) = \x 2 - 3\x\ + 2\. Then which of the following 
is/are true? 

(a) /'(x) = 2x - 3 for x G (0, 1) u (2, oo) 

(b) /'(x) = 2x + 3 for x e (-oo, -2) u (-1, 0) 

(c) /'(x) = -2x - 3 for x g (-2, -1) 

(d) None of these 


12. Given a real-valued function/such that 


/(*) = 


tan 2 {x} 

(* 2 -W 2 ) 


, for x > 0 


1 , for x = 0 

^]{x}cot{x} , for x < 0 


where [x] is the integral part and {x} is the fractional 
part of x, then 

(a) lim /(x) = 1 (b) lim /(x) = cotl 

x—>0 + x—>0 _ 

(c) f lim /(x)l = cot 1 

V*-xr y 

(d) None of these 


13. If y = 


(a) y 2 


i-x , . 2x 

-, then(l-x )— is equal to 

1 + x ax 


(b) 


1 

7 


(c) -y 


(d) 


Comprehension Type 


T . T .. sin x + ae x +be x +cln(l + x) 

If L = hm--- 

%—>0 x 3 

then 


exist finitely, 


14. The value of L is 

(a) 1/2 (b) -1/3 (c) -1/6 (d) 3 

15. The solution set of ||jc + c| -2a | < 4 b is 

(a) [-2,2] (b) [0,2] 

(c) (-1,1) (d) [-2,1] 


Matrix Match Type 


16. Match the following. 


Column I 

Column II 

P. 

1 dy |l + x 4 

If y = ~, then . 4 is 

x ax ]j i + y 4 

1. 

8 

Q- 

For the function/(x) = In |tan x| 
—j is equal to 

2. 

1 

R. 

If/(x) = (x - 1) (x - 2).(x - ft), 

n G N and/'(ft) = 5040, then 
ft is 

3. 

-1 

s. 

The derivates of ^ ^ X ^ at 
x = - 1 is x 

4. 

2 


P Q R S 

(a) 3 4 1 2 

(b) 4 3 2 1 

(c) 1 2 4 3 

(d) 3 1 4 2 

Integer Answer Type 


17. The reciprocal of the value of 


lim 

ft— 


2_ 

2 2 




is 


18. Let g(x) = 


x + xtanx-xtan2x 


ax + tan x ■ 
0 


tan 3x 


, x ^ 0 
, x = 0 


If g (0) exists and is equal to nonzero value b , then 

52 — is equal to 
a 

19. The value of lim x - i s 

X— 


20. If /(x) = V* + 2V2x - 4 + V* - 2V2x - 4, then the 
value of 10/' (102 + ) is 

<$><$> 
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1 . Suppose you have 
two linear functions 
/ and g as shown in 
the given figure. 

Then lim is 
g(x) 

(a) does not exist 

(b) not enough information 

(c) 2 (d) 3 

2. Let/: R —» R be such that/(l) = 3 and/'(l) = 6 , 



Then, lim 


/(! + *) 


l/x 


*->o [ /(l) 

(a) 1 (b) e l/2 

12 


is equal to 

(c) e 2 (d) e 3 


lim 


r 


- + - 


- + - 


- + - 


x >°° I 1 — 1 + X 2 1 — X 3 1 + X 2 




(a) -5/6 (b) -10/3 (c) 5/6 (d) 21/3 

( 2 sin * _ i) [hi(i + sin 2x)] 


lim 
(a) In 2 


5. If /(*) = 


-l 


is equal to 


xtan x 
(b) 2 ln 2 (c) (ln 2) 2 (d) 0 


[xf +sin[x] 


for [x ]^0 


[x] 

0 , for [x] = 0 

where [x] denotes the greatest integer less than or equal 
to x, then lim f(x) equals 

x-^0 

(a) 1 (b) 0 

(c) -1 (d) none of these 


6 . If lim 


5 n+l +3 n_ 3 2n 
n . o2n+3 


ft—>°° S n +2 n +5 


is equal to 


(a) 5 
(c) 1 


(b) 3 

(d) none of these 

m-m 


7. If / is an even function such that lim 

o h 

has some finite non-zero value, then 

(a) /is continuous and derivable at x = 0 

(b) /is continuous but not derivable at x = 0 

(c) /may be discontinuous at x = 0 

(d) none of these 

8 . The function /(x) = [x ] 2 - [x 2 ] (where [y] is 
the greatest integer less than or equal to y), is 
discontinuous at 

(a) all integers 

(b) all integers except 0 and 1 

(c) all integers except 0 (d) all integers except 1 

9. If /(x) — —-—, then the points of discontinuity 

1 — x 

of the function f 3n (x) is/are, where f n = fof. ...of 
(n times), are 

(a) x = 2 (b) x = { 0 , 1 } 

(c) x = -1 (d) none of these 

xa/|sinx| 


10. If /(x) — 


( 1+1 sin x |) 
b 

tan2x/tan3x 


-nl 6 < x < 0 
x = 0 is 

0 < x <n / 6 


continuous function on (-71/6,71/6), then 


(a) a = 2/3, b-e 


2 (b) a =1/3, b = e 113 


11. Let 


(c) a - 2/3, b - e 2/3 (d) none of these 

[x] , if x<£l 
x — 1 , if x e I 
denotes the greatest integer function), 
r sinx + cosx, ifx <0 


/(*) = 


(where, 


g(x) = < 


1, 


ifx >0 


• Then 
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(a) lim f(g(x)) exist but f(g(x)) is not continuous 

(b) f(g(x)) is continuous but not differentiable at x = 0 

(c) f(g(x)) is differentiable at x = 0 

(d) lim f(g(x)) does not exist 


12. Which of the following function is discontinuous in £? 


(a) sin 2 x + cos 2 x 

1 

(c) 1 - 

x z +100 


(b) 

(d) 


x^\x\ + sinx 
1 


x 2 -l 


13. Function f(x) = tan ( w here [.] is GIF) is 

i+M 2 

(a) continuous at integers only 

(b) continuous in R + only 

(c) continuous in R~ only 

(d) Everywhere continuous 

\e x ,x<0 

14. A function is defined as f(x) = < 

11 x — 11 ,x >0 

then /(x) is 

(a) continuous at x = 0 , 1 

(b) differentiable at x = 0 

(c) differentiable at x = 1 

(d) none of these 


15. If / (x) = sin H—^ 
on vl + x 

(a) [- 1 , 1 ] 

(c) £-(- 1 , 1 ) 


, then /(x) is differentiable 

(b) £-{- 1 , 1 } 

(d) none of these 


f| x — 3 1 , x>l 

16. If f(x) = \ then the function is 

J y x + 3 1 , x <1 

not differentiable at 

(a) one point (b) two points 

(c) three point (d) four points 


17. P is a variable point on the curve y = f(x) and A is 
a fixed point in the plane not lying on the curve. If 
PA 2 is minimum, then the angle between EA and 
the tangent at P is 
(a) 71/4 (b) 71/3 

(c) Till (d) none of these 


18. The points of contact of the vertical tangents to 
x = 2 - 3 sin0, y= 3 + 2 cos0 are 

(a) (2, 5), (2,1) (b) (-1,3), (5, 3) 

(c) (2, 5), (5, 3) (d) (-1,3), (2,1) 

19. The angle of intersection of curves 
y = [|sinx| + |cosx|] and x 2 + y 2 = 5 where [•] 
denotes the greatest integer function, is 

(a) tan _ 1 ( 2 ) (b) tan _ 1 (l/ 2 ) 

(c) tan -1 ( 72 ) (d) 71/2 


20 . Let/(x) is differentiable function in [ 0 , 2]./(0) = 0 

and f'(x) < - V x G [0, 2], then 
2 

(a) l/G) | < 2 (b) fix) < 1 

(c) fix) = 2x 

(d) /(x) = 3 for some x e (0, 2) 


21 . The equation of tangent to the graph of the function 
/(x) = |x 2 - | x 11 at the point with abscissa x = -2 is 
(a) 3x + y + 4 = 0 (b) 5x-y- 12 = 0 

(c) 5x + y + 8 = 0 (d) 3x + y - 4 = 0 


22. A kite is 100 ft. high and there are 260 ft. of cord 


out. If the kite is moving horizontally at rate of 6 - 

miles per hour directly away from the person who 
is flying it; how fast is the cord being paid out ? 


(a) — miles/hour 
5 

(c) 6 - miles/hour 
2 


(b) 6 miles/hour 
(d) 3 miles/hour 


23. If J(x) = x(x - 2 )(x - 4), 1 < x < 4, then a number 

satisfying the condition of the mean value theorem is 
(a) 1 (b) 2 (c) 5/2 (d) 7/2 

24. If 27 a + 9b + 3c + d = 0, then the equation 
4ax 3 + 3 bx 2 + lex + d = 0 has at least one real root 
lying between 

(a) 0 and 1 (b) 1 and 3 

(c) 0 and 3 (d) none of these 

25. The value of ‘a for which the equation x 3 - 3x + a = 0 
has two different roots in [ 0 , 1 ] is given by 

(a) -1 (b) 2 

(c) 1 (d) none of these 


26. The distance between the origin and the normal to 
the curve y = e 2x + x 2 drawn at the point x = 0 is 


(a) 


1 

Ts 


(b) 


Ts 


(c) A 


(d) 


_ 2 _ 

A 


27. If fix) and g(x) = /(x)^l-l(f(x)) 2 are 
monotoni-cally increasing, then V x e £ 

(a) \fix)\<l (b) |/(*)|A 

(c) |/(*)|<1 (d) I/(*)!< A: 


28. Let f(x) = 2x 3 + ax 2 + bx - 3cos 2 x is an increasing 
function for all x e £, then 
(a) a 2 - 6b - 18 > 0 (b) a 2 - 6b + 18 < 0 

(c) a 2 - 3b - 6 < 0 (d) a > 0, b > 0 
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29. If the function/(x) = cos|x| - 2 ax + b increases 
along the entire number scale, the range of values 
of a is given by 

(a) a < b (b) a = 1/2 

(c) a <-1/2 (d) a > -3/2 


30. If 4>(x) = 3/ 


V 3 7 


+ /(3 - x 2 ) V x e (-3,4) where 


/"(x) > 0 V v E (-3, 4), then c|)(x) is 


(a) increasing in | —,4 

<2 j 


(b) increasing in ^-3,- — 

( 3 > 

(c) decreasing in —,0 

l 2 , 


(d) increasing in | 0 ,- 


31. The function/(v) = 1 + x(sin x ) [cos x], 0 < x < n/2 

(a) is continuous on (0,71/2) 

(b) is strictly decreasing in (0,71/2) 

(c) is strictly increasing in (0,71/2) 

(d) has global maximum value 2 

32. If M be the greatest value and m be the least value 
of/(x) = 2x 3 - 3x 2 - 12x + 1, for -1 < x < 3/2, then 
the ordered pair (M, m) is 

(a) (8,-19) (b) (8,-17) 

(c) (-17,-19) (d) none of these 

33. /(x) = x 9 + 3x 7 + 64 is monotonic increasing for 

(a) positive real values of x 

(b) negative real values of x 

(c) all real values of x 

(d) all non zero values of x 

34. If for a function/, |/(x) -f(y) | < (x -y) 2 V x,y e R , 
then/is 

(a) strictly increasing (b) strictly decreasing 

(c) constant 

(d) strictly increasing when x > 0 

35. If the function 

/(x) = 2 tanx + ( 2 a + 1 ) log e |secx| + (a - 2 )x 

is increasing on R , then 

(a) a e (1/2, oo) (b) ae (-1/2, 1/2) 

(c) a = 1/2 (d) ae R 

36. If/and g are two increasing functions such that gof 
is defined, then 

(a) gof is an increasing function 

(b) gof is a decreasing function 

(c) gof is neither increasing nor decreasing 

(d) none of these 


sin x 

37. In its domain, /(x) =--— is 

cos -1 x 

(a) an increasing function 

(b) a strictly increasing function 

(c) a decreasing function 

(d) a strictly decreasing function 

38. Which of the following numbers is the maximum 

5 sin xcosx 

value of the function /(x) =--- , x E R? 

tan 2 x +1 

(a) 5/8 (b) 3/4 (c) 1 (d) 5/2 

39. IfP(x 1 ,y 1 ), Q(x 2 ,y 2 ) be any two points on the curve 
y= 3x - 2 - x 2 for 1 < x < 2, then maximum value of 
3xi + 3x 2 - x 2 - x 2 2 is 

(a) 9 (b) 4 (c) 2 (d) 9/2 

40. If 0 is the angle (semi-vertical) of a cone of 
maximum volume and given slant height, then tan 
0 is given by 

(a) 2 (b) 1 (c) (d) V3 


fix)-- 


41. Let a function/(x) be defined as 

Jsin - 1 A, + x 2 ; 0 <x<l 

| 2 x; x > 1 

/(x) can have local minimum at x = 1 if the value 

of X lies in the interval 

(a) [sin 1 , 1 ] (b) (- sin 1 , 1 ) 

(c) (sin 1 , 1 ] (d) [ 0 , sin 1 ] 

f { x } {x} 

42. The value of x for which /(x) = sin —- + cos -— 

1 M M 

is maximum ({x} and [x] denotes fractional part 
and greatest integer part of x respectively) 


(a) 1 + 


(c) 1-j 

4 


43. Let f( x ) 


7 (b) 2 + 7 

4 4 

(d) none of these 
2 x z + 2 /x z ; 0 < I x I < 2 


\ Then,/(x) has 

[1 ; x = 0 

(a) least value 4 but no greatest value 

(b) greatest value 4 

(c) neither greatest or least value 

(d) least value 1 but no greatest value 


£ _|_ 3 ^ — x 

44. If the function /(x) =-, where c f is a 

x-4 

parameter that has a minimum and maximum, 

then the range of value of ‘f is 

(a) ( 0 , 4 ) (b) ( 0 , oo) 

(c) (-°o, 4) (d) none of these 
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45. If /(x) = x 2/3 then 

(a) ( 0 , 0 ) is a point of maximum 

(b) ( 0 , 0 ) is not a point of minimum 

(c) ( 0 , 0 ) is a critical point 

(d) There is no critical point 


SOLUTIONS 


1. (c) : This problem requires a geometrical argument: 


By similar triangles, 


/(*) = x-a = g(x) 
6 0 -a 3 


/(*) = 6 = 2 

g(x) 3 


2 . (c) : lim 


/(l + x) 


lim 


/( 1 ) 

/(x+l)-/(l) 


1 /x 


= lim s 1 + 

. x—>0 


/(l + x)-/(l) 

/(l) 


1/x 


1 lim /(X+1) ~ /(1) 


_ x /h) _^/(hx^o w _g/u) 


/(l + *)-/(D, 


*.* lim 

x—>0 


= /'(D 


= e 6/3 = g 2 


3. <b): lim J^ + ^ + ^ + -^ +.... 

l-r l+x l-x l+jc 


= lim 

X—^°° 


|l 2 + 5 2 + 9 2 +.... + 3 + 7 + ll + . 


1 -x ' 1 


l + x z 


= lim 

x— 


£(4/c- 3) 2 £(4*-l) 


/c=l 


- + 


k =1 


1 -X J 


l + x z 


= lim 

X—^°° 


16X/: 2 -24Xfc+X9 4Xfc-Sl 


lfc=l 


A:=l 


k =1 _j_ /c —1 fc=l 


l-x J 


1 + x 


= lim < 

X—^°° 


16x(x + l)( 2 x + l) 


-12x(x + l) + 9x 


2 x(x + l)-x 


l-x D 


l + x z 


32 +2 10 
6 3 

4. (b):l im (2Sin *— 1)[ln(1 + sin2 ^ 
2 tan 1 * 

X - 

X 


2 sinx -l sinx ln(l + sin 2 x) sin 2 x 

= lim-x-x-x-x 2 

x— >0 sinx x sin 2 x 2 x 

= 2 ln 2 


5. 


(d) : As x —» 0 , [x] = -1 


lim /(x) = lim 
x—>0“ x-^0" 


l + sin(-l) 
-1 


-1 + sinl 


whereas, if x —» 0 + we get [x] = 0 , 

/(x) = 0 =^> lim /(x) = 0 
x-^ 0 + 


Thus, lim /(x) does not exist. 
x -^0 

rn +1 , o n o2 n 

6. (d): lim 5 +3 " 3 


= lim 


2 n +5 

5-5 n +3 n -9 n 


2n +3 


«->°°5"+2”+27-9" 


= lim 

n—>os 


+ 



-1 

27 


7. (b) : Let /'(0 + ) = lim ^ = fc(say) 

/x—»0 h 

, /'( 0 -)=lim®-^ 

/z—>o h 

= mMiM =4 

/i-»o h 

/ , ( 0 + ) ^ / '( 0 - ), but both are finite, so f(x) is 
continuous at x = 0 but not differentiable at x = 0 . 

8 . (d) : Note that /(x) = 0 for each integral value of x. 
Also, if 0 < x < 1 , then 0 < x 2 < 1 

[x] = 0 and [x 2 ] = 0 => /(x) = 0 for 0 < x < 1 . 
Next, if 1 < x < V 2 , then 
1 < x 2 < 2 =^> [x] = 1 and [x 2 ] = 1 
Thus ,/(x) = [x ] 2 - [x 2 ] = 0 if l<x<V 2 . 

=^> /(x) = 0 , if 0 < x < >/2 . 

This shows that /(x) must be continuous at x = 1 . 
However, at points x other than integers and not lying 
between 0 and V 2 ,/(x) ± 0 . 

Thus,/is discontinuous at all integers except 1 . 

9. (b) : Clearly, x = 1 is a point of discontinuity of the 

function /(*) = —?— 

1 — x 

If X * 1, then ( fof) (x) = /[/(x)] =/ 

which is discontinuous at x = 0 . 

If x ^ 0 and x ^ 1, then 
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(fofof)(x) = f[(fof)(x)] =f 


x -1 


= x 


b = /(O) = lim /(x) = lim e 


tan2x/tan3x 


tan2x 3x 2 

-x-x- 


*-> 0 ^ 


— li m ^ 2x tan3x 3 — 
x->0 + 

Also, b = f(0)= lim /(x) 
x^0~ 


2/3 


1 


= lim ( 1 + 1 sin* \)\ smx \ =e a 
x —^0 

Therefore a = 2/3 and b = e 2/3 
11 . (c) : Since, f(g(x)) = 


0 , if - — < x < 0 
4 


0 , if x > 0 

n 


Which is always differentiable in 
continuous. 


12. (d): At x = ± 1 , x 2 - 1 = 0 Hence, fix) 
function is discontinuous in R. 

13. (d): Basically/(x) = 0 V x e R. 

So, it is continuous for all x. 

14. (a) : lim fix) = lim |x-11 = 1 

x->0 + x - * 0 

lim fix) = lim e x = 1 and /( 0 ) = 1 

x->0 - 

lim /(x) = lim | x — 11 = 0 
x^l + X ^ 1 

lim /(x) = lim | x — 11 = 0 and /( 1 ) = 0 

x->l~ X ^ 1 

/. /(x) is continuous at x = 0 , 1 

A.* = 0; lim lim = 


h^QT 


O' 


.+ h 


lim lim 1 ^ = 1 


/z—>0 ^ /z—>0 

/(x) is not differentiable at x = 0 
and I x - 11 is not differentiable at x = 1 


-h 


m 


15. (b): f(x) = sin 


which is continuous everywhere. 

So, the only points of discontinuity are x = 0 and x = 1. 

( —71 —71 

10 . (c) : Given,/(x) is continuous on —,— 

V 6 6 


/'(*) = 



1 _ (l + x z ) -2 - 2 x (0 + 2 x) 


2 x 

1 + x 2 


2 (1 + x 2 ) 2 


l + x z 


2 + 2x - 4x 

,2 \2 


7(1+ x 2 ) 2 -4x 2 (1 + ^ 2 ) 

not defined when (1 + x 2 ) 2 - 4x 2 = 0 

=> X = ± 1 

/(x) is differentiable on R - {-1, 1} 
16. (c) : Sketching the graph, we have 

fix) 



-,oo | and also 

4 


At three points, x = -3, 1 , 3,/(x) is not differentiable. 

17. (c) : Obviously, AP is perpendicular on the tangent 
drawn to the curve. 

dx 

18. (b) : For vertical tangents — = 0 . 

dQ 

So, we have -3cos 0 = 0 => 0 = — or — 

2 2 

Corresponding to these values of 0, we have 

x = 2 - 3 sin — = -1, y - 3 + 2 cos — = 3; 

2 2 

x = 2 - 3 sin — = 5, y = 3 + 2 cos — =3 
2 2 

Thus the required points are (- 1 , 3), (5, 3). 

19. (a) : We know that 1 < | sin x| + |cos x| < ^2 
So that [|sin x| + |cos x|] 
will be constant function 

y= 1 

Now intersection point 
P and Q are (- 2 , 1 ) and 
( 2 , 1 ) respectively. 

Slope of line y = 1 is 
zero and slope of tangent at P and Q are ( 2 ) and (- 2 ) 
respectively. 

Thus the angle of intersection is tan -1 ( 2 ). 


7' 

x 2 + y 1 = 5 
~"\Q(2, 1) 

(-2, 1 )P / 



J 
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20. (b) : Using LMVT 

f , (A /(*)-/( 0)^1 . f , 

J (0 =---=> /(x)<-Vxe(0,2) 

x — (J 2 2 

21. (a) :/(x) = x 2 + x at x = - 2 

/'(x) - 2x + 1 f\~2) = -4+l = -3 

/(-2) = 4-2 = 2 

Equation of tangent 
y - 2 = -3 (x + 2) =Y>3x + y + 4 = 0 

22 . (b) : x 2 + /z 2 = y 2 , — = — miles/hour 

j j dt 2 

dx dy 

x — = y— 
dt dt 

yV(260) 2 -( 100) 2 


dt 260 

13-4-60 


2-260 


= 6 miles/hour 



100 ft 


23. (a) : /'(x) = (x - 2) (x - 4) + x(x - 4) + x(x - 2) 

= 3x 2 - 12x + 8 
Also /(4) = 0 and /(1) = 3 

Thus ^= - 1 . We must have -1 = f\x) 

4-1 

=> 3x 2 - 12x + 9 = 0 ^>x 2 -4x + 3 = 0 
=y> x = 1 or x = 3. 

24. (c) : Let /(x) = ax 4 + frx 3 + cx 2 + dx. 

Then,/( 0 ) = 0 and/(3) = 81a + 27fr + 9c + 3d 

= 3 (27a + 9£? + 3c + d) 

= 0 (y 27a + 9b + 3c + d = 0) 

Therefore 0 and 3 are roots of the polynomial /(x). 
So by Rolles theorem, there exists at least one root 
of the polynomial f\x) = 4ax 3 + 3 bx 2 + 2cx + d lying 
between 0 and 3. 

25. (d): Let a, (3 be two different roots of /(x) = 0 in 
[0, 1] where /(x) = x 3 - 3x + a. 

Therefore, by Rolles theorem /'(x) = 0 has a root 
between a and (3, i.e. in ( 0 , 1 ). 

But, f (x) = 0 => 3x 2 - 3 = 0 => x = ±1 
.*. f\x) = 0 has no roots in ( 0 , 1 ) 

Hence the given equation has no root lying between 
0 and 1 for any value of a. 

26. (b): The equation of the curve is y - e 2x + x 2 , when 
x = 0 => y = 1 

—- = 2e lx + 2 x = 2 at the point ( 0 , 1 ) 
dx 

Slope of the normal = -( 1 / 2 ) and the normal passes 
through the point ( 0 , 1 ) 

The normal has the equation y - 1 = - (l/ 2 )x 
=> x + 2y - 2 = 0 .*. Required distance =2 / V*5 


27. (c) : g'(x) = 


[1 —4(/(x))V(x) 
Vl- 2 (/(x )) 2 


Now, as /(x) and g(x) are monotonically increasing, 
/'(x) > 0 and g (x) > 0 | /(x) | < 1 / 2 

28. (b) :/(x) = 2x 3 + ax 2 + bx - 3cos 2 x 
/'(x) = 6 x 2 + 2 ax + b + 3 sin2x > 0 
=> 6 x 2 + 2 ax + b - 3 > 0 as sin 2x > - 1 
4a 2 - 24(fr - 3) < 0 => a 2 - 6b + 18 < 0 


29. (c) :/(x) = cosx - 2ax + 

f\x) = (-sinx) - 2 a > 0 or sinx + 2 a < 0 


30. (a): f(x) = 3 /' 


2 ^ 
x 


2 x 

3 


-2x/'(3-x 2 ) 



7 Y 


/' 

X 

a 

-/'(3-x 2 ) 


•J 

V 7 



(|/(x) = 0 ^ x 2 /3 = 3 - x 2 => x = ± 3/2 
/"(x) > 0 =>/'(x) is increasing 


-3 -3/2 o 3/2 4 

31. (a) : Lor 0 < x < 71/2, [cos x] = 0. Hence/(x) = 1 
for all x G (0, 71/2]. Trivially/(x) is continuous on 
(0, 71/2). This function is neither strictly increasing 
nor strictly decreasing and its global maximum is 1 . 

32. (b) :/(x) = 2x 3 - 3x 2 - 12x + 1 
/'(x) = 6 (x 2 - x - 2 ) = 0 for 
x = - 1 , x = 2 

But x = 2 is outside the 
interval [-1, 3/2] 
for -1 < x < 3/2 ;/'(x) < 0. 

/(x) is decreasing for -1 
< x < 3/2 



->x 


M =/(-1) = 8 ; m =/(3/2) = -17. 

33. (c) :/'(x) = 9x 8 + 21 x 6 > 0 V x e R 

f(x) is monotonic increasing for all real values of x 


34. (c) : | f(x) -f(y)\ <(x- y) 2 


lim I/W-/WI 

y->x | x — y | 


< lim |x-y 

y—>x 


=> [f'W|<o =>/'(*) = o 

/(x) is a constant function 
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35. (c) : Function is increasing =>/'(x) > 0 

=> 2 sec 2 x + (2 a +l)tan x + (a - 2 ) > 0 

=^> 2 tan 2 x + (2 a +l)tan x + a > 0 

=> ( 2 a + 1) 2 - 8 a < 0 

=> ( 2 a -l ) 2 < 0 => 2 a -1 = 0 =^> a = 1/2 

36. (a) : Let x ls x 2 £ R such that x x < x 2 . Then, 

x i < x 2 =^>f(xi) < f(x 2 ) [v /is an increasing function] 
=> g(f(x i)) < g(f(x 2 )) [ v g is an increasing function] 
=> gof(xi) < gof(x 2 ) 

Hence, gof is an increasing function. 


37. (b): /'(*) = 


J. 


-x(cos 1 x)-sin 1 xx 


l-x z 


f 

\ 


1 


jl~X 2 , 


cos 1 x + sin 1 x 


(cos 1 x ) 2 
n/2 


- = +ve 


\ll-x 2 (cos 1 x ) 2 V 1 -x 2 (cos 1 x ) 2 

f'(x) > 0 =^/(x) is an strictly increasing function 


38. (a) : Given, /(x) = 


3 3 

5 sin xcosx 5 sin xcosx 


tan x + l 


= 5(sin 3 x) (cos 3 x) = ~sin 3 2x 

Hence, maximum value is 5/8. 

T1+T2 


sin 2 x 
cos 2 x 


+ 1 


39. (d): 


■ < max. ( y ) 


9 9 9 ? 9 

Ti + T 2 “ 2 I 2 _2_ 4 ^*1 + _Xl _ * 2 “ 2 



0 = 0 or cos 0 = 


1 

VT 



Also V(0) = 0, V(n/2) = 0 

. _i 1 ^1 2nl 3 
and V\ cos —^ 1= 


V3 J 9V3 


Hence V is maximum when cos0 = —j=. 

r V3 

z.e., tan0 = V2 

41. (c) : For local minimum at x = 1, the graph should 
be same as in figure. 



Hence 1 + sin -1 X > 2 
=> sin _ 1 A, > 1 
=> X E (sin 1, 1] 

42. (a) : Let — = a 

M 

=> /(x) = sina + cosa 


=^( sin (i 


+ oc 


/(x) is maximum at a = n/4 
{x} _ 71 
[x] 4 


ix} = %] 
4 


K 

It is true at [x] = 1 {x} = — 

4 
n 

So x = [x] + {x} = 1 + — 

4 

43. (d) : For x —» 0 
2x 2 H—-—> 00 . Also 2 I x 2 H—— I > 4 


44. (c) : /(*) = 


t + 3x-x 
x - 4 


40. (c) : Let OB = /, OA = l cos0 and AB = l sin0 
(0 < 0 < 71/2). Then 

V = - (AB) 2 (OA) = -l 3 sin 2 6 cos 6 
3 3 

=> ^- = — l 3 sin0(3cos 2 0 — 1 ) 
c/0 3 

So from - 0 , we get 

dQ 


/'(*) = 


(x - 4)(3 - 2x) - (t + 3x - x 2 ) 


U-4) z 
For max. or min./'(x) = 0 
=> -2x 2 + llx -12 - t - 3x + x 2 = 0 
=> -x 2 + 8 x - (12 + t) = 0 
For one maxima and minima, D > 0 
=^> 64 - 4 (12 + t) > 0 
=> 16 - 12 - £ > 0 => 4 > t or f < 4 

45. (c) : — = -x -1/3 . This derivative is never zero, but 
dx 3 

there is no derivative for x = 0 . 

So (0, 0) is a critical point. If x < 0 then — < 0 and if 

dx 

x > 0 then — > 0 . Thus ( 0 , 0 ) is a point of minimum. 

dx <$><$> 


€> 
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CONCEPT 



Differentiation and Application of Derivatives 



This column is aimed at Class XII students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and 
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend 
of the straight and the twisted, the simple and the difficult and the easy and the challenging. 

*ALOK KUMAR, B.Tech, NT Kanpur 


DIFFERENTIATION 

Let a be an interior point of the domain of a function 
/(x). The derivative of /(x) at x = a is 

f\a ) = lim + —/Or) ^ provided the limit 

. . /z —> o h 

exists. 

If f'(a) exists we say that /(x) is differentiable at x = a, 
otherwise it is not differentiable. 

Differentiation of Algebraic Functions 


d 

dx 


-nx 


n -1 


dx 2 vx 


- 7 ~[f(x)] n =n[f(x)] n 1 f\x) 
dx 


dx 


1 


n +1 


J J X 

Differentiation of Trigonometric Functions 


d 

dx 

d_ 

dx 


-sinx = cosx 


-tanx = sec x 


— cosec x=-cosec x cot x 
dx 


dx 

d_ 

dx 

d_ 

dx 


-cosx = -sinx 


secx = secxtanx 


- cot X : 


-cosec 2 x 


d .. 1 r 

—logx =—,forx >0 • 

dx x 

—a x = a x log e a, for a > 0 
dx 


dx 


dx l ° SaX xloga 


, for x > 0 , a > 0 , a ^ 1 


Differentiation of Logarithmic and Exponential 
Functions 


Differentiation of Inverse Trigonometric Functions 
1 


d . _i 
—sin x: 
dx 




for-l<x<l 


-cos 1 X = 


X 

-1 


sec 1 x- 


-cosec x =- 


dx 

d_ 

dx 

d_ 

dx 

d_ 

dx 


d _i 
—cot x : 
dx 




r, for-l<x<l 


l-x z 
1 


x 2 -l 


for I x I > 1 


-1 


| X | Vx' 


for|x|>l 


-1 


- tan x = - 


1 


1 + x" 
-1 

1 + x 2 


forxeR 


, for xeR 


THEOREMS FOR DIFFERENTIATION 

Let /(x), g(x) and u(x) be differentiable functions 

• If at all points of a certain interval,/(x) = 0, then the 
function/x) has a constant value within this interval. 

• Chain Rule 

(i) Case I: If y is a function of u and u is a function 

of x, then derivative of y with respect to x is 

dy dy du dy , du 

— = —-or y = f{u) =^> — = f (u) —. 

dx du dx dx dx 

(ii) Case II: If y and x both are expressed in terms 
of t, y and x both are differentiable with respect 

. dy dy / dt 

to t, then = -. 

dx dx/dt 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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Sum and Difference Rule : Using linear property 


4 - (:/(*) ± gM) = ±4~igM) 

dx ax ax 


Product Rule 

(i) 4~ (/M' g ( x )) = /Wt£(*) + gM4 ~/(*) 

ax ax ax 

.... d . . dw dw dv 

(11J -( U-V'W) = U-V - hv-w-hW*W- 

dx dx dx dx 

Scalar Multiple Rule : — (k /(x)) = k — /(x) 
Quotient Rule: 

g(x) 4- (fw) - fix) 4- (g(x)) 

ax ax 


d_f fjx) 
dx{g(x) 


(g(x)r 


provided g(x) ^ 0 . 


METHODS OF DIFFERENTIATION 


• Differentiation of Implicit Functions : If y is 

expressed entirely in terms of x, then we say that y 
is an explicit function of x. For example y - sin x, 
y = e x ,y = x 2 + x+ 1 etc. Ify is related to x but cannot 
be conveniently expressed in the form of y - /(x) 
but can be expressed in the form /(x, y) - 0, then we 
say that y is an implicit function of x. 

(a) Differentiate each term of /(x, y) - 0 with 
respect to x. 

(b) Collect the terms containing dy/dx on one 
side and the terms not involving dy/dx on the 
other side. 

(c) Express dy/dx as a function of x or y or both. 

• Logarithmic Differentiation : If differentiation of 
an expression or an equation is done after taking 
log on both sides, then it is called logarithmic 
differentiation. This method is useful for the 
function having following forms 

(i) 7 = [f(xW (x) 

f(x)-f 2 {x) . 

gl(x)-g 2 (x) . ^ 

(where i = 1, 2, 3,. ), fi(x) and gj(x) both are 

differentiable. 

(i) Case I : y = [/(x)]^ where/(x) and g(x) are 
functions of x. To find the derivative of this type of 
functions we proceed as follows: Let y = [f(x)]^ x \ 
Taking logarithm on both the sides, we have 
logy = g(x)*log /(x) and then we differentiate w.r.t. x. 

(ii) Case II :y = 

g\(x)-g 2 (x) 

Taking logarithm on both the sides, we have 
log y = loglffx)] + log \f 2 (x)] - logLgi(x)] - log \g 2 {x)] 
and then we differentiate w.r.t. x. 



Differentiation of Infinite Series : If y is given in 
the form of infinite series of x and we have to find 

out —, then we remove one or more terms, it does 
dx 

not affect the series. 

(i) If y = a//W + a //(x) + 7/(x) + ....'>° , 
then y = Jf(x) + y => y 2 =f(x) + y 


(ii) If y = f(x) f(x) 

(iii) If y=f{x)+ 


then y = f(x) y 
— then y = f(x) + - 


/(x) + - 


7 


/(x) + ...°o 

• Differentiation of Composite Function : Suppose 
a function is given in form of fog(x) or f[g(x)\. 
Differentiate applying chain rule, 

4-flg(x)] = f'[g(x)]-g'(x) 
dx 

SUCCESSIVE DIFFERENTIATION OR HIGHER 
ORDER DERIVATIVES 

• If y is a function of x and is differentiable with 

dy 

respect to x, then its derivative — can be found 

dx 

which is known as derivative of first order. If 
dy 

the first derivative — is also a differentiable 
dx 

function, then it can be further differentiated 
with respect to x and this derivative is denoted by 
d 2 y/dx 2 , which is called the second derivative of 
y with respect to x. Similarly n th derivative of y is 
d n y 

denoted by-. All these derivatives are called as 

dx n 

successive derivatives and this process is known as 
successive differentiation. Ify =/(x), then the value 
of the n th order derivative at x = a is usually denoted 


by 


/ A n\ 
d y 


dx n 


or (y n )x=a 

v^ v ^x-a 

n th Derivatives of Some Standard Functions 


d , . 1 x n • ( r 

-sin (ax + b) = a sin — + ax + b 

dx n l 2 

d , i \ yi \ 

-cos (ax + b) = a cos — + ax + b 

dx n U 


d n YYl * 

^ {ax + b) m = ^l_ 
dx n (m — n)\ 

where m > n, m e N 


a n (ax + b) n 


0 
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(—lf-kn —l)!a ri 
(ax + b) n 

d n (a x ) 
dx n 


d n 

-lo s(ax + b) = 

dx n 
m 

—(e ax ) = a n e ax 
dx n 

— — e ax sin(bx + c) = r n e ax sin(bx + c + «(j)) 
dx n 


■ a x (loga) n 


dx n 


e ax cos(bx + c) = r n e ax cos (bx + c + n§) 


V 2 9 _i b 

a +b ; (]) = tan — 


DIFFERENTIATION OF INTEGRAL FUNCTION 

• If g\(x) and g 2 (x) both functions are defined on 
[a, b] and differentiable at a point x e (a, b) and f(t) 
is continuous for gfa) <f(t) < g 2 (b), then 
d fg 2 (*) /»r , „ d 




dx* 

dx 


SLOPE OF THE TANGENT AND NORMAL 
• Slope of the Tangent : If a tangent is drawn to the 

curve y =f(x) at a point P(x 1? yf) and this tangent 
makes an angle \|/ with positive ^-direction, then 
dy ^ 


dx 


= tan \|/ = Slope of the tangent. 


^Wri) 


• Slope of the Normal : 

The normal to a curve at 
a point P(xi , is a line 
perpendicular to the tangent 
at P and passing through P. 
Slope of the normal 

dx 
dy 



-1 


Slope of tangent 


(*i>7i) 


EQUATION OF THE TANGENT AND NORMAL 
• Equation of the Tangent : The equation of the 
tangent to the curve y = fix) at a point P(x 1? yf) is 
dy 


y-y\ = hr (*-*i) 

Equation of the Normal : The equation of the 
normal to the curve y =f(x) at a point P(xi , yi) is 

y~y\= --- (x-xf) 


dy) 

dx l 


(*i>7i) 


ANGLE OF INTERSECTION OF TWO CURVES 

• The angle of intersection of two curves is defined as 

the angle between the tangents to the two curves at 
their point of intersection. Thus, the angle between 
the tangents of the two curves y-ffx) and y =f 2 (x) 
is given by 

| 


tancf) = 


dx L 


U^yi) 


dx / 


2(x l ,y l ) 


1 + 


F 

\dxL 


dy) 

dx l 


y l ix x ,y{) J2{x x ,y x ) 

Orthogonal Curves : If the angle of intersection 
of two curves is a right angle, the two curves are 
said to intersect orthogonally. The curves are called 
orthogonal curves. If the curves are orthogonal, then 


(f> = —; m l m 2 =-l 


dy 

dx 


-1 


LENGTH OF TANGENT, NORMAL, SUBTANGENT, 



• Length of sub-tangent, AC = y cot\|/ = 



• Length of subnormal, BC = y tan\|/ = y 



INCREASING AND DECREASING FUNCTIONS 

• A function /is said to be an increasing function in 
]a, b[, iixi < x 2 =^f(x{) <f(x 2 ) for all^, x 2 e\ a, b[. 

• A function/is said to be a decreasing function in 
]a , b[ 9 ifxi < x 2 =>j{x i) >f(x 2 ), V x h x 2 g] a , b[. 

• f(x) is known as non-decreasing if f'(x) > 0 and 
non-increasing if f'(x) < 0. 

MONOTONIC FUNCTION 

A function/is said to be monotonic in an interval if 

it is either increasing or decreasing in that interval. 

We summarize the results in the table below : 
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Properties of Monotonic Functions 

• If /(x) is a strictly increasing function on an 
interval [a, b], then / -1 exists and it is also a strictly 
increasing function. 

• If /(x) is a strictly increasing function on an 
interval [a , b] such that it is continuous, then / -1 is 
continuous on [/(a),/(£>)]. 

• If /(x) is continuous on [a, b] such that 
/'(c) > 0 \f\c) > 0 ] for each c e(a, b ), then /(x) 
is monotonically (strictly) increasing function on 
[a, b). 

• If /(x) is continuous on [a, b] such that 
/'(c) < 0 |/'(c) < 0 ] for each c e(a, b ), then /(x) 
is monotonically (strictly) decreasing function on 
[a, b). 

• If /(x) and g(x ) are monotonically (or strictly) 
increasing (or decreasing) functions on 
[a, b], then gof(x) is a monotonically (or strictly) 
increasing function on [a, b\. 

• If one of the two functions/(x), g(x) is strictly (or 
monotonically) increasing and other is strictly 
(monotonically) decreasing, then gof(x) is strictly 
(monotonically) decreasing on [a, b ]. 

MAXIMUM AND MINIMUM 

• A function /(x) is said to attain a maximum at x = a 
if there exists a neighbourhood (a - 8 , a + 8 ) such 
that /(x) <f(a) for all x e (a - 8 , a + 8 ), x ^ a 

=> /(x) -/(a) < 0 for all x G (a - 8 , a + 8 ), x ^ a 
In such a case, f(a) is said to be the maximum 
value of /(x) at x = a. 

• A function/(x) is said to attain a minimum at x = a 
if there exists a (a - 8 , a + 8 ) such that/(x) >f(a) for 
all x g (a - 8 , a + 8 ), x ^ a 

=> /(x) -/(a) > 0 for all x G (a - 8 , a + 8 ), x ^ a 
In such a case, /(a) is said to be the minimum 
value of /(x) at x = a. 

• The points at which a function attains either the 
maximum values or the minimum values are known 
as the extreme points or turning points and both 
maximum and minimum values of /(x) are called 
extreme or extreme values. 

Thus a function attains an extreme value at 
x = a if/(a) is either a maximum or a minimum 
value. Consequently at an extreme point a, 
/(x) - /(a) keeps the same sign for all values of x 
in a deleted nbd of a. 


SUFFICIENT CRITERIA FOR EXTREME VALUES 
(1 st DERIVATIVE TEST) 

Let /(x) be a function differentiable at x - a. 

Then (a) x = a is a point of local maximum of /(x) if 

(i) /'(a) = 0 and 

(ii) /'(a) changes sign from positive to negative as x 
passes through a i.e.,f\x ) > 0 at every point in the left 
neighbourhood ( a - 8 , a) of a and/'(x) < 0 at every 
point in the right neighbourhood (a, a + 8 ) of a. 

(b) x = a is a point of local minimum of /(x) if 

(i) /'(a) = 0 and 

(ii) / '(a) changes sign from negative to positive as x 
passes through a, i.e.,f'(x ) < 0 at every point in the left 
neighbourhood ( a - 8, a) of a and /'(x) > 0 at every 
point in the right neighbourhood (a, a + 8 ) of a. 

(c) If/ '(a) = 0 but/'(a) does not change sign, that is, 
has the same sign in the complete neighbourhood of 
a, then a is neither a point of local maximum nor a 
point of local minimum. 

Working Rule for Determining Extreme Values of a 
Function/(x) 

Step I : Put y = /(x) 

Step II : Find — 

dx 


Step III : Put ^- = 0 and solve this equation for x. Let 
dx 

x = q, c 2 > . c n be values of x obtained by putting 


dy 

dx 


: 0 . Ci, c 2 > . c n are the stationary values of x. 


dy 


Step IV : Consider x = q. If — changes its sign 

dx 

from positive to negative as x passes through q, then 

the function attains a local maximum at x = q. If — 

dx 

changes its sign from negative to positive as x passes 
through q, then the function attains a local minimum 
at x = q. In case there is no change of sign, then x = q 
is neither a point of local maximum nor a point of 
local minimum. 


HIGHER ORDER DERIVATIVE TEST 

• Find/'(x) and equate it to zero. Solve /'(x) = 0 let 

its roots are x = a\, a 2 . 

• Find/"(x) and at x = a\, 

(i) If/"(<q) is positive, then/(x) is minimum at 
x = a x . 

(ii) If f'\a{) is negative, then /(x) is maximum 
at x = ai. 

• If at x = a x , f"(a x ) = 0, then find /"'(x). If/'"(a^ ^ 0, 
then/(x) is neither maximum nor minimum at x = a\. 


0 
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If f"'(ai) = 0, then find / lv (x). 

If / lv (x) is +ve (Minimum value) 

/ lv (x) is - ve (Maximum value) 

• If at x = ai,f ly (a{) = 0, then find / v (x) and proceed 
similarly. 

PROPERTIES OF MAXIMA AND MINIMA 

(i) Maxima and minima occur alternately, that is 
between two maxima there is one minimum and 
vice-versa. 

(ii) If fix) —> oo as x —» a or b and /'(x) = 0 only for 
one value of x(say c) between a and b, then /(c) is 
necessarily the minimum and the least value. 

If fix) —> -oo as x —» a or b, then/(c) is necessarily the 
maximum and the greatest value. 

ROLLE’S THEOREM 

If a function fix) is such that, 

(i) It is continuous in the closed interval [a, b] 

(ii) It is derivable in the open interval (a, b ) 

(hi) /(a) = f{b) 

Then there exists at least one value C c’ of x in the open 
interval (a, b) such that/'(c) = 0 . 

LAGRANGE’S MEAN VALUE THEOREM 

If a function fix) is such that, 

(i) It is continuous in the closed interval [a, b] 

(ii) It is derivable in the open interval (a, b) 

Then there exists at least one value 'c' of x in the open 

interval (a, b) such that ^ = /'(c). 

b-a 


PROBLEMS 


Single Correct Answer Type 

x 2 x 3 x" dy 

If y = l + xH-1-1- H-.then — : 

7 2! 3! n\ dx 


(a) y 


(b) y + - 


x 


x” y n 

(c) y- — (d) y — 1 — —— 

n\ 7 n\ 


2 . — tan 


_i ( cosx Y) 
Vl + sinx J ) 


(a) — 
2 


(b) \ 


(c) 


(d) 1 


/log | x | =.,(x* 0 ) 

ax 

(a) - (b) -- 

X X 


(c) X 


(a) function of x (b) function of y 

(c) function of x and y (d) constant 


5. 


f 



n X 


1 + cos — 

tan -1 

2 


\ 

1 -cos — 

V , » 

2 J 


d_ 

dx 


(a) - (b) - 


is equal to 


to 4 «»i 


6 . Ify=log 10 x+log x 10 +log A .x+log 10 10 , then 

(a) 

(b) 

(c) 


1 

log e 10 

xlog e 10 

x(log e x ) 2 

1 

1 

xlog e 10 

xl°gl 0 e 

1 l°g e 10 


:log e 10 x(log e x ) 2 


(d) none of these 


tc i f 1 + *Y /4 l-i u dy 
7. If y- log - — tan x, then — 

\l-x J 2 dx 


(a) 


(c) 


1 -x* 


(b) 


2x 


2 ( 1 -x 4 ) 


1-x^ 

(d) none of these 


4x _i 2 + 3x , dy 

8 If V = tan -- + tan -, then — = 

- 2 3 - 2x dx 


(a) 

(c) 


l + 5x 

1 2 
- + - 


l + 25x 2 1 + x 2 


(b) 

(d) 


5 2 

- + - 


l + 25x 2 1 + x 2 


1 


l + 25x 

9. If fix) = ^/l + cos 2 (x 2 ), then/' 


l + 25x 


2 / 


is 


(a) V +6 
(c) 1/+6 
d 


(b) ~\l(n/6) 
(d) 7C/+6 


10 . —[(l + x 2 )tan 1 x] = 
dx 

(a) x tan _1 x (b) 2 tan _1 x 

(c) 2 x tan -1 x + 1 (d) x tan -1 x + 1 



dx 

(d) -x 

(a) 

dy f . 

— is a 

(c) 

dx J 



2 4 /(x-a)+^/(x-b)] 

1 

V(x-a)(x-h) 


(b) , 

2 yl(x-a)ix-b) 

(d) none of these 
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a- Lsx 












































dx 

(a) 

(c) 


l-Ax 
1 

Vx(l + 4x) 
4 


(b) 


Vx(l + 4x) 
13. If y- sec -1 


yfx-l 


\[x( l + Ax) 
(d) none of these 

( 


+ sin 1 


#=i\the„* = 
x/x+1 J dx 


(a) 0 
(c) 1 


1 


(t>) i— 

VX + 1 

(d) none of these 


^ Tr 1 + tanx . dy 

14. If y = J -, then —: 

/ 1 -tanx dx 


1 1 -tanx 2 ( 71 

fa) \ -sec —+ x 

y ) 2 V 1 + tan x 


1-tanx 2 ( n 

(b) J -sec - + x 

v ' A 1 + tanx U 


, N 1 1 -tanx (n 

(c) -J-sec —+ x 

2\l + tanx ^4 

(d) none of these 

e x logx , dy 
15. If V =-, then - 7 - = 


dx 


(a) 


(c) 


e* [1 + (x + 2 ) log x] (b) e x [1 - (x - 2 ) log x] 

~ 7 x 4 

e*[l-(x- 2 )logx] ^ e*[l + (x- 2 )logx] 


16. If r = [2<\> + cos 2 (2c|) + 71/4)] 1/2 then what is the value 
of the derivative drld§ at (|) = 71/4 

.- 1/2 

(a) 2|—r (b) 2 


(c) 2 


7t + l 
1 

71 + 1 


- 1/2 


(d) 2 


7t + l 


2 ^ 1/2 


71 + 1 


_i facosx-bsinx V dy 
17. If 7 = tan | T -- |then -f- 


(a) 2 


bcosx + asinx 


(b) - 1 (c) 


dx 

(d) 0 


18. —flog tan x) = 
dx 

(a) 2 sec 2x 
(c) sec 2x 

I9 ’ = 


(b) 2 cosec 2x 
(d) cosec 2x 


(c) 1 - 


2x 


(d) none of these 


(b) x 2 — + xy + 2 = 0 
dx 


20. If y = x + — , then 

x 

(a) x 2 — + xy = 0 
dx 

(c) x 2 —~xy + 2 = 0 (d) none of these 

dx 

21 . —(e x log sin 2 x) = 
dx 

(a) e*(log sin 2 x + 2 cot 2 x) 

(b) e x (log cos 2 x + 2 cot 2 x) 

(c) e x (log cos 2 x + cot 2 x) 

(d) none of these 


22. If y — tan l - 
then * = 


l+Vi-x- 


r +sins 2 tan 


1-x 
1 + x 


dx 


(a) 


(c) 


23. — 




(b) 


l-2x 


l-x z 

l-2x 




1 


2yjl — x z 


sin 2 cot 19 


dx 
(a) -1 

24. If 7 = tan 
1 


1-x 
1 + x 


(b) - 
2 

( 


(d) 

l + x z 
equals 

(c) -t (d) 1 


i+d-x z 


, then 


dy 

dx 


(a) 


(c) 


l/lT 


1 


(b) l-^/7T T 
1 


(d) 




l-x z 


25. Let 3/(x) - 2/(l/x) = x, then/'(2) is equal to 

(a) 2/7 (b) 1/2 (c) 2 (d) 7/2 

26. The differential coefficient of 

^Vl + x - Vl-x ^ 


tan 


Vl + x + Vl-x 


«f 


l-x z 


IS 


(b) 




(c) 


>/i7 


(d) x 


O 
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27. 


28. 


d 2 v 

If y- A cos nx + B sin nx , then —2- = 

dx 2 

(a) n 2 y 


(b) -7 

(c) -n 2 y (d) none of these 

If fix) = asin(log x), then x 2 /"(x) + x/'(x) = 
(a) f(x) (b) -fix) (c) 0 (d) 1 


29. If for a function fix), f\a) = 0,/"(a) = 0 ,/'"(a) > 0, 
then at x = a, fix) is 

(a) minimum (b) maximum 

(c) not an extreme point (d) extreme point 

30. If fix) = 2x 3 - 2 lx 2 + 36x - 30, then which one of 
the following is correct ? 

(a) fix) has minimum at x = 1 

(b) fix) has maximum at x = 6 

(c) fix) has maximum at x = 1 

(d) fix) has no maxima or minima 

31. The function x + — ,(x^0) is a non-increasing 

x 

function in the interval 

(a) [-1,1] (b) [0,1] (c) [-1,0] (d) [-1,2] 


32. The function sinx - bx + c will be increasing in the 
interval (-00, 00), if 

(a) b<\ (b) b<0 (c) b<- 1(d) b> 0 


33. The function sinx - cosx is increasing in the interval 

371 7n 


(a) 

(c) 


4 4 
n 3n 
4 5 4 


_ 371 

(b) 0,— 

(d) none of these 


34. The function fix) = — is 


(a) decreasing for all x (b) increasing for all x 

(c) neither increasing nor decreasing 

(d) increasing for x > 0 and decreasing for x < 0 


35. The value of c a in order that 

fix) = V3 sin x - cos x - 2 ax + b decreases for all 
real values of x, is given by 
(a) a < 1 (b) a > 1 

(c) a>4~2 (d) a<\fl 


Multiple Correct Answer Type 


36. If f(x) = 


a 2 -l 


x 3 + (a - l)x z + 2x +1 is monotonic 


increasing for every x e R then V lies in 
(a) (1,2) (b) (I,-) 

(c) (--,- 3) (d) (-10,-7) 


37. Consider the following statements 

o T T r ^ n 71 tanfi a 

Statement -1: If 0 < a < p < —, then - > — 

2 tan a (3 

Statement - II: Ifx> 0, then < log(l + x)< x. 
Then 

(a) I is true 
(c) II is true 

38. Let fix) = 6 and g(x) = /'(x) then 

1 + x 2 

(a) gix) has four points of local extremum 

(b) gix) has two points of local extremum 

(c) gix) has a point of local minimum at x = 1 

(d) g(x) has a point of local maximum at some 
xg (- 1, 0) 

39. Let fix) = x 2 -e“* 2 then 

(a) fix) has local maxima at x = -1 and x = 1 

(b) fix) has local minima at x = 0 

(c) fix) is strictly decreasing on x e R 

(d) Range of fix) is [0, 1/e] 


1 + x 

(b) I is false 
(d) II is false 


40. Let fix) = 


2x-4 , x<2 

2 k 3 (k-lf 
-x +—f -—+ 4, x > 2 


k —k —2 

fix) attains local maximum at x = 2 if k lies in 
(a) (0,1) (b) (3,oo) ( C ) (---i) ( d ) (1,2) 


41. If fix) = 


x + 1 


-2 < x < 0 


y/l-x ; 0<X<1 


. Then fix) 


2 ; x = 0 

Vx + 1 ; x >1 

(a) has neither maximum nor minimum at x = 0 

(b) has maximum at x = 0 

(c) has neither maximum nor minimum at x = 1 

(d) no global maximum 

42. Which of the following are true for V x e (0, ©o)? 

2 x 

(a) ln(l + x)>x-— (b) ln(l + x)>-- 

2 x + 1 


(c) 4 cosx + x > 0 
f 


43. If log 2 


=i ° g5 


!ogi (log 2 (*)) 


logi (logs (4) 


(d) 2 tan x x < x + 1 
\ f \ 

■\og 3 log 1 (logs O')) 

< 3 


= 0 for positive x, y and 


z, then which of the following is/ are not true? 
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CONCEPT 

MAP 



COMPLEX NUMBERS AND 
QUADRATIC EQUATIONS 



Let Z\ - a x + ib Xi z 2 = a 2 + ib 2 

Addition ; Z\ + z 2 = (ci x + a 2 ) + i ( b x + b 2 ) 

Subtraction :z x - z 2 = (fli - a 2 ) + * (&i - b 2 ) 

Multiplication: z x z 2 - 

(a x a 2 - b x b 2 ) + i ( a x b 2 + a 2 ^i) 

. . . Z] &-i T" b-i b^ . b-i fli 

Division: -L = -2-A- LA + / _AJ- LA 

4 + b? 

where z 2 ^ 0 



Modulus 


• z = z <^> z is purely real 

• z + z= 0<^>zis purely imaginary 


• z x ± z 2 = Zj ± z 2 ; z x z 2 = zy zy, / z 2 ) 

= Zi / z 2 (z 2 = 0) 

• (*")«(*)" 

• a = /(z) => a = /(z), a ec 


+ve real axis to the line joining the 
point to the origin. 

Properties 

• arg(z 1 z 2 ) = arg(z 1 ) + arg(z 2 ) 

• arg (z x / z 2 ) = arg(Zj) - arg(z 2 ) 

• arg(z n ) = rcarg(z) 


Modulus of z = a + ifc is | z | = >Ja 2 + b 2 
| z | = 0 <=> z = 0 

Properties 

• |*|=|F|=|-*|=|-z| 

• zz = | z | 2 

• I Z 1 Z 2 I “ I Z l I I Z 2 I » kl / Z 2 | = I Z l I ! I Z 2 I ( Z 2 ^ 


• I *1 - *2 I ^ |l Zl I - I *2 l| 

• | Zj + Z 2 + ... + Z J < | Zj | + 1 Z 2 | + ... + | z n | 

• I z i ± z 2 | 2 = I z i \ 2 + I ^2 | 2 ±2Re(z 1 z 2 ) 



































MATRICES 


4 





CONCEPT 

MAP 


A matrix 
is an ordered 
rectangular array of 
numbers or functions. 
The numbers or functions 
are called the elements 
or entries of the 
matrix. 


Operations 

Properties 

Addition and 

Subtraction 

A±B = C 

i.e.y [djj\ m xn — \bij\m x n 
~ [ a ij — bij\ m x n = x n 

• A + B — B + A 

• A + (R + C) = (A + R) + C 

• Additive inverse = - A 

• Additive identity = O 

Multiplication 

xk x Bkx q~ C m x q 
k 

i.e., y a ir b rJ =[c tJ ] 

_r= 1 

• AB exist BA exists 

• AB may or may not be equal to BA 
. (AB)C = A(BC) 

• I m x xn" xn~ xn x ^n 

. A (R + C) = AR + AC; 

(B + C) A = BA+ CA 

Scalar 

Multiplication 

r O i 

II 

cq 

II 

. k(A + B) = kA + kB 
• (/c + m)A -kA + mA 



Column Matrix : A = [cL-] m x j 

Row Matrix : A = [ay] i x n 

Square Matrix : A = [ay] m x m 

Diagonal Matix : A = [a^] m x m 
where Uy = 0 V i^j 

Scalar Matrix : A = [a^ n x n 
0, if i * j 


where a u = , . 

J \k,iii = j 

for some constant k 

Zero Matrix : A = [ay], 
where = {0 V i-j and i 

Identity Matrix : A = [a-] 

f 1 if i = j 


where a u =\ 

l] [Oif i*j 


Nilpotent Matrix : A k = 0 and A k 1 ^ 0, k e z + 
=^> | A | = 0, order = Least value of k 

Involutory Matrix :A 2 = I^>|A|=±1 

Orthogonal Matrix : AA T = A T A = I 
=> | A | =± 1 

Periodic Matrix : A k = A 

=> | A | = 0, 1, order -k- 1 

Idempotent Matrix : A 2 = A => | A | = 0, 1 
Unitary Matrix : AA 0 = A 0 A = I 

Symmetric Matrix : A' = A 

Skew Symmetric Matrix : A' = -A 
[where A is square matrix] 


If A and B are two square matrices 
such that AB = BA = I, then B is the 
inverse matrix of A and is denoted 
by A -1 and A is the inverse of B. 

Properties 

• A -1 exists iff | A | ^ 0 

• (A -1 ) -1 = A 

• (kA)- l =A~ l /k 

• (AB)~ l = B~ l A~ l 

• | A- 1 | = (| A I)- 1 

• (A 7 )- 1 = (A-y 
































(a) zcxcy 
(c) y < z < x 


(b) x < y < z 
(d) z < y < x 

44. For the function /(x) = x cos—, x > 1 

x 

(a) for at least one x in the interval 
[ 1 , °°),/(x + 2 ) -/(x) < 2 

(b) lim /'(x) = 1 

(c) for all x in the interval [ 1 , °°),f(x + 2 ) -/(x) > 2 

(d) f\x) is strictly decreasing in the interval [ 1 , °°) 

45. If /"(x) > 0 V x e R,f'( 3) = 0 and g(x) =/(tan 2 * - 

2tanx + 4), 0 < x < 71/2, then, g(x) is increasing in 
(a) (0,71/4) (b) (71/6,71/3) 

(c) (0,71/3) (d) (71/4,71/2) 

Comprehension Type 

Paragraph for Q.No. 46 to 48 

For a polynomial function y = /(x) 

Points of extrema are obtained at points where/'(x) = 0 
/"(xi) > 0 => Xi is a point of minima 
f"(x i) < 0 => Xi is a point of maxima 
Let /(x) = x 3 - 3(7 - a)x 2 - 3(9 - a 2 ) x + 2 

46. The values of parameter c a if /(x) has a negative 
point of local minimum, are 

(a) «> (b) L-,“ 

V 14 

(c) (-3, 3) (d) none of these 


47. 


The values of parameter £ a if /(x) has a positive 
point of local maxima are 


(a) c|> 


(b) (- 


' 3)U I 3, i4 



(d) none of these 


48. The values of parameter c a if /(x) has points of 
extrema which are opposite in sign are 
(a) (|) (b) (-3,3) 


(c) 



(d) none of these 


Paragraph for Q.No. 49 to 51 

Let /(x) = ax 2 + bx + c; a, b, c e R 
It is given that |/(x)| < 1, V \x\ < 1 

49. The possible value of | a + b\ if 4 a 2 + 3 b 2 is 
maximum, is given by 
(a) 1 (b) 0 (c) 2 (d) 3 


8 o o 

50. The possible value of | a + b \ if — a + 2b is 
maximum, is given by ^ 

(a) 1 (b) 0 (c) 2 (d) 3 


8 2 2 

51. The possible maximum value of — a +2b is given 
by 3 


(a) 32 


32 

(b) — 
3 


(c) 


(d) - 
3 


Matrix-Match Type 


52. Match the following. 


Column-I 

Column-II 

(A) 

fix) = x 2 log e x 

(p) 

f(x) has one point of 
minima. 

(B) 

fix) = xlog e x 

(q) 

f(x) has one point of 
maxima. 

(C) 

/(x) =1 ° 8e * 

(r) 

f(x) increases in ( 0 , e). 

(D) 

II 

(s) 

f(x) decreases in (0, He). 


53. Match the following. 


Column-I 

Column-II 

(A) 

fix) = (x- 1 ) 3 (x + 2) 5 

(p) 

has points of 
maxima. 

(B) 

f(x) = 3sinx + 4cosx - 5x 

(q) 

has points of 
minima. 

(C) 

f(x) = < 

. fnx \ „ 
sinl — 1 , 0 <x<l 

x 2 - 4x +4,1 <x <2 

(r) 

has points of 
inflection. 

(D) 

fix) = (x- 1) 3/5 

(s) 

has no points 
of extrema. 


54. Match the following, for the function/(x) = ax 2 - b\x\ 


Column-I 

Column-II 

(A) 

f(x) has local max. at x = 0 

(p) 

When a > 0, 
b> 0 

(B) 

/(x) has local min. at x = 0 

(q) 

When a > 0, 
b < 0 

(C) 

/(x) has local extremum at 
b 

x = — 

2 a 

(r) 

When a < 0, 
b < 0 

(D) 

/(x) is not difF. at x = 0 

(s) 

When a < 0, 
b> 0 


Integer Answer Type 


55. From a point perpendicular tangents are drawn to 
ellipse x 2 + 2 y 2 = 2 . The chord of contact touches a 
circle which is concentric with given ellipse. Then 
find the ratio of maximum and minimum area of 
circle. 
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56. 


57. 


58. 


59. 


60. 


The maximum value of the function /(x) = 2x 3 - 
15x 2 + 36x - 48 on the set A = {x\x 2 + 20 < 9x} is 

If the graph of/(x) = 2x 3 + ax 2 + bx, where a,beN 
cuts the x-axis at three real and distinct points, 
then the minimum value of ( a 2 + b 2 - 4), is 

Given a point (2, 1 ). If the minimum perimeter of a 
triangle with one vertex at ( 2 , 1 ), one on the x-axis, 
and one on the line y - x, is k , then [k] is equal to 
(where [. ] denotes the greatest integer function) 

If one root of x 2 - 4ax + a +f(a) = 0 is three times 
the other and if minimum value of/(a) is a, then 
112 a| has a value 

4 4 n 

. . sec a sec p 

The minimum value ot-b 


Ktz 

a, B +— ,KeI, is 
2 


tan (3 


2 

tan a 


2 ! 3 ! 


n\ 


dy ^ „ x 2 

/. — = 0 +l+x+— + . 


n — 1 


dx 


2 ! 


. + - 


dy x n x 2 x 

=> — + — = l + x +— + + — 

dx n\ 2 ! n ! 


n! 


dy__ _x^ 
dx ^ n\ 


2 . (a) 

3. (a): log|x| 


[logx, if x > 0 
I log(-x), if x < 0 


Hence,—{log | x|}: 
dx 


—, if x >0 
x 

— |(- 1 ) =—,if JC <0 

-X ) X 


61. For a twice differentiable function/(x), a function 
g(x) is defined as^(x) = (/'(x )) 2 +/(x)/"(x) on [a, c]. 
Ifa<fr<c<d<c and/(a) = 0 ,/(fr) = 2 ,/(c) = - 1 , 
f(d) = 2 , /(c) = 0 , then the minimum number of 
roots of the equation ^(x) = 0 , is/are 

62. Let P(x) be a polynomial of degree 4 having 


••• /{log|x|} = 4,if x ^o 

flX X 

4. (d) :y = a sinx + b cosx 
Differentiating with respect to x, we get 

dy , . 

— = a cos x — b sin x 
dx ^ 

Now f — ] = (a cosx- b sinx ) 2 

{dx) 

= a 2 cos 2 x + b 2 sin 2 x - 2 ab sinx cosx 
and y 2 = (a sin x + b cos x ) 2 
= a 2 sin 2 x + b 2 cos 2 x + 2 ab sin x cos x 


So, 


extremum at x = 1 , 2 and lim l + : 
then the value of P(2) is 

63. In the coordinate plane, the region M consists of 
all points (x, y) satisfying the inequalities y > 0 , 
y < x and y <2 - x simultaneously. The region N 
which varies with parameter t , consists of all the 
points (x, y) satisfying the inequalities t<x<t+ 1 
and 0 < t < 1 simultaneously. If the area of the 
region M nN is a function of t , z.c., M nN =f(t) 
and if a is the value of t for which this area is 
maximum, then the numerical value of 2a is 

64. Put numbers 1, 2, 3, 4, 5, 6 , 7, 8 at the vertices of a 
cube, such that the sum of any three numbers on 
any face is not less than 10 . The minimum sum of 
the four number on a face is fc, then k/2 is equal to 


SOLUTIONS 


x 2 x 3 x n 

1. (c) : y = 1 + X + — + — + .... + — 


^ | +y 2 = a 2 (sin 2 x + cos 2 x) + b 2 (sin 2 x + cos 2 x) 
dx 


Hence \~^\ + y 2 = (a 2 + b 2 ) = constant 


5. (a) : Lety = tan 1 


1 + cos - 


b 


— =tan 1 


cos- 


2 cos 


2 X 


2 sin 


2 X 


_i X _i hi X Ml X 

y = tan cot — = tan tan-=- 

4 U 4) 2 4 

dy _ 1 

dx 4 

6 . (a) : y = log 10 x + log x 10 + log* x + log 10 10 


1 log A 0 

-l°gl 0 x+-j-+1+1 

log, X 

7 . (a) : y — log 


dy 1 , log, 10 

“t~~ — ^°S io ^--—y 

dx X x (\°g e x > 


l + xV /4 1 _i 

- —tan x 

1 - x ) 2 


(n- 1 )! 


Differentiating w.r.t. x, we get 

dy 
dx 


fl-xfl 

i+xV 3/4 

(1 — x) + (1 + x) 

1 1 

ll + xj 4 

ll-xj 

. ( 1 -x ) 2 . 

2 1 + x 2 
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4(—1- 


2\l + x){i- x y 2(1+ x 2 ) 


1 1 


1 1 


2 (1-x 2 ) 2 (l + x 2 ) 1-x 4 

-1 4x _i 

8. (c) : y = tan -- + tan 

1 + 5x 


13. (a) : y — sec 1 


Vx +1 

yfx-l 


\ 


+ sin 


Vx+i J 


= cos 


Vx+1 J 


+ sin 


£-i 

Vx+1 


7t 


dy 

dx 


2 + 3x 
3-2x 


5x-x _i i 
= tan-I-tan — 


+ x 


1 + 5x • x 


l---x 

3 


-l r- -l -i 2 _i dy 5 
= tan 5x-tan x + tan -+tan x =^> —=- 



dx l+25x 2 


9. (b): f(x) = Vl + cos 2 (x 2 ) 
/'(*) ■■ ' 

fix): 


1-tanx 
1 + tanx 


2 [ ^ 

sec | —+ x 
4 


2^/l + cos 2 (x) 2 


(2 cos x 2 ) • (- sin x 2 ) • (2x) 


15. (d) : Taking log, logy = x + log log x - 2 logx 

1 dy 12 

=> —^- = 1 + - 


y dx x log x x 


-xsin2x 


dy log x 

x log x +1 - 2 log x 

^l + COS 2 (x 2 ) 


=> — =- 

dx f 

xlogx 


A x x =fr " 

2 


v 2 y 


— .sin —-. 1 

2 4 _ 2 


e*[(x-2)logx + l] 


••• r 


v 2 y 


1 + cos 


2 n 


10. (c) : —[(l + x 2 )tan 1 x] = l + 2xtan 1 x 
dx 


16. (d) : r = 

—v dr _1 
d(|) 2 


2(J) + cos 2 | 2(|) + — 


2(f) + cos | 2(f) H— 


1/2 


1 - 1/2 


11. (b): — log(Vx-a + Vx-b) 
dx 


71 ^ 


2-2x2sin| 2(f) + — Jxcos^2(|) + — 


1 1 

r + - 


\Jx-a + Vx-b J2 _\!x-a Vx —b 


4x-a + Vx-b 


dr 


1 


\lx-a + Vx-b 

12. (b) 


2 V(x-a)(x-b) 2 V(x-a)(x-b) 


d _i 4Vx 

— tan - 

dx 1 - 4x 


n 2 3n 
. — + cos — 

d(f) k 71 2 2 4 


=1K1 

« 21 2 2 


1 - 1/2 


x2 


1 — sin | K + ~ 


- 1/2 


x2(l + l) = 2x 


7T + 1 


1/2 


17. (b) 


1 + 


4 Vx 
l-4x 




(1 —4x)4 


2Vx 


-4Vx(-4) 


a-4xr 


d .. .1 2 cosx 

18. (b): —(logtanx) = - sec x =-- - 


dx 

1 


tanx 


cos xsinx 


2 cos xsinx 


- = 2cosec2x 


V‘ " / 

2(1+ 4x) 


Vx(l + 4x) 2 Vx(l + 4x) 

^ MATHEMATICS TODAY | NOVEMBER 17 


19. 




X H-h 2 

X 


=!-— 

X 



































































































20 . (c ): r- 


1 dy 1 

: y = x + — => — = 1 -- 

x dx x 2 

From given options we have, 

2 dy 2 

x - — -xy+ 2 = x 
dx 


yy 


- x\ x + — 1 + 2 = 0 


21 . (a): — (e x logsin2x) = e* logsin2x+2e*—-—cos2x 

dx sin2x 

= e x log sin 2 x + e x 2 cot 2x = e*(log sin 2x + 2 cot2x ) 

22 . (c) : Put x = cos0 

l COS0 


y = tan 


1 + sin 0 


- + sin 


2 tan 


_l If 1 — cos 0 
1 + COS0 


sind) 

= tan-b sin 


1 + COS (J) 


-1 I 0 

2 tan tan — 


-i m • (, 6 

= tan tan — +sin 2 


{where = 90° - 0} 
+ sin 0 


n 0 r Y~ n 1 _! r 2 

--+ V 1-COS 0 = - COS X + Vl-A 

4 2 4 2 


dy _ 1 1 1 


2 yjl-x 2 2yjl-x 2 


(~2x)-- 


l-2x 


2\fl-x z ' 


23. (b) 

24. (a) : y = tan 
Put x = sin0 


( 


-l 




l + yjl-x 

\ 


( 


y- tan 


sin 0 


Vi 


1 + Vl^sin z 0 


= tan 


sin 0 
1 + COS0 


0 . 0 e 

2 sin —cos— A A 

-l 2 2 _i0 0 

- tan --——— = tan tan — = — 

0 2 0 2 2 

2 cos — 

2 


So, 7 = 


sin 1 x dy _ 1 

2 dx 2V1-+ 


25. (b): 3f(x) - 2/(1/x) = x 

Let IIx = y , then 3/(1 Ay) - 2f(y) = l/y 

=> -2/0') + 3/(l/jp) = I /7 

=> -2/(x) + 3/(1 /x) = 1/x 

From 3 x (i) + 2 x (ii), we have 

9/(x) - 6/(1/x) - 4/(x) + 6/(1 /x) = 3x + 2!x 


...(i) 

...(h) 


2 1 

5/(x) = 3x + — => /(x) = - 
x 5 


„ 2 
3x + — 


2 " 


2 

_ 3_ 7 

- rm- s 

3 — 

4 




26. (c) 

27. (c) :y = A cos(nx) + B sin(nx) 
dy/dx - -nA sin(nx) + /+B cos(nx) 

d y 2 2 

Again — — — —n Acos(nx)-n Bsin(nx) 

dx 2 


d 2 y 

dx 2 


2 

-n y 


= -n 2 [A cos(nx) + £sin(nx)] 

28. (b) :/(x) = a sin(log x) 

Differentiating w.r.t. x, we get 

/'(x) = a cos(log x) — 
x 

Again f" (x) = — -y a cos(log x) —\-a sin(log x) 
x 2 x 2 

=> x 2 /"(x) - - [a cos(log x) + a sin(log x)] 

Now x 2 /"(x) + x/'(x) - - a sin(log x) = - /(x) 

29. (c) : It is a fundamental property, which follows 
from generalized derivative test. 

30. (c) :/(x) = 2x 3 - 21x 2 + 3 6x - 30 

=> /'(x) = 6x 2 - 42x + 36 = 6(x - 6)(x - 1) 
f\x) = 0 x = 6 , 1 and/"(x) = 12x - 42 
Here/"(1) = -30 and/"( 6 ) = 30 
Hence/(x) has maxima at x = 1 and minima at x = 6 . 

31. (a) : Let /(x) = x + — 

x 

Differentiating with respect to x, we get 

/'(x) = 1 —y - 0 =>1 <—r or x 2 < 1 
x 2 x 2 

Hence x e [- 1 , 1 ]. 

32. (c) : Let /(x) = sinx - bx + c 

/'(x) = cos x - b > 0 or cos x > b or b < - 1 . 

33. (b) : We have,/'(x) = cosx + sinx 
Now /(x) is increasing function of x, if 


/'(x) = cosx + sinx > 0 or V2cos 


>0 


3k 

0<x<—f.e. f'(x)>0in 
4 J 


^ 371 

0 ,— 


34. (a) : We have, /(x) = 5 
=> f'( x ) = -5 - * log e 5 = 


l°g e 5 


► /'(x) < 0 for all x 


i.e.,f(x) is decreasing for all x. 

35. (b) : Since /(x)=V3 sinx-cosx- 2ax+b isdecreasing 
for all real values of x 


O 
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f\x) < 0 V x 

=> V3 cosx + sinx-2a <0 V x 

yfe 1 . w 

=> —cosx + -sinx<a V x 

2 2 

sin| x + ~ I < 0 V x => a > 1 


v sin 

f 71 1 

|<i’ 


l 3j 

1 


36. (a, b, c, d): /00 : 


/ 2 A 

a-l 


+ — l) x 2 + 2x +1 


/'(x)>0=> —— ^)3.x + 2 x ( a _i) + 2>0 

=^> (a 2 -l)x 2 + 2x(a - 1) + 2 > 0 

=> 4(a - l) 2 - 8(a 2 - 1) < 0 {v b 2 - 4ac < 0} 
=> (a - l) 2 - 2(a 2 - 1) < 0 => (a + 3)(a - 1) > 0 
=> a G (-00,-3) u (1, 00) 

37. (a, c): Let/(x) = x tarn: ==>_/ r 1 (x) = tarn: + x sec 2 x > 0 

/(P)-/(«) = / , w>0=>/(p)>/(a)=> ^5t > a 

tana p 


(3-a 

Now, let /(x) = log(l + x) => /'(x) = 
Now, let /(x) = log(l + x) => /'(x) = 


1 + x 
1 

1 + x 


0<c<x^>l<l + c<l + x 


<-<x 


1 


1 + X 1 + c 

<log(l + x)<x 


1 + x 1 + c 1 + x 

Equality holds good for x = 0 

38. (b,c,d ): = g{x) = f'{x)=^ X ^ 6 

1 + x 2 


(1 + X 2 ) 2 ’ 


— + 

—I-1-1- 

-1 0 1 


0, 

L eJ 


40. (a, c, d) : When f(x) is continuous at x = 2 and 
f'(x) changes sign from +ve to -ve. 

=> /(x) attains max. 

At x = 2 if 


k\k-l) 2 


= 0 =>fc = 0,1 


r-k-2 

When /(x) is discontinuous at x = 2, / '(x) changes 
its sign from +ve to -ve /(x) will attain maximum if 

lim f(x) < /(2) and lim f(x) = /(2) 
x — >2 + x —>2 

i.e. if Zee(-oo,-i)u(0,l)u(l,2) 

=+> k E (—oo, -i) cj [o, 2) 

41. (b, c, d) : The answers follow from definition. 

x 2 

42. (a, b, d) : (a) Let f(x) = ln(l + x) - x + — 


1 n * 

-1 + X: 


1+X 1+x 

f (0) = 0, f'(x) > OVx e (0, °°) =>/(x)> 0 


x 

1 + x 

X 


,, v (x — l)(x 2 — 3x 2 + 5x +1) r 

8 M = -2-i- e 

(X 2 +1) 3 

Let h(x) = x 3 - 3x 2 + 5x + 1, h\x) = 3x 2 - 6x + 5, 
D < 0 so h{x) has only one real roots. Also g'(-l) /(0) < 0. 
So the root E (-1, 0). Clearly ^(x) has two points of 
extremum. Maxima at x E (-1,0) and minima at x = 1. 

39. (a, b, d): Given/(x) = x 2 -e“* 2 

f\x) = 2x.e~ %1 + x 2 .e“* 2 (-2x) = 2xe~ x2 [l - x 2 ] 

/(x) has local maxima at x = -1 and 1 
f(x) has local . ( r, ( x 

minima at x = 0 
Now/(0) = 0 

/(l) = - and as x —> 00, f(x) —» 0 
e 

So range of/(x) is 


(b) Let/(x)=ln(l + x)- 

/'(x) = - 2 - L T =-T 

1 + x (x + 1) 2 (1 + x) 2 

/(0) = 0, /'(x) > OVx e ( 0,00) =^> f(x) > 0 

/NT * 

(c) Let y = cosx,y = — \ 


by graph it is clear that 


—x 

cos x > — is not true Vx e (0, <*>) 

4 

(d) Let /(x) = x +1 - 2 tan -1 x 

fczJfe±2>, /( o )=1 


y = cosx 



l + x z 
At x = l 


x 2 +1 


/(1) = 2^1-^J>0 => /(x)>0 Vxe(0,oo) 

43. (b, c, d) : Solving we get x = 2 1/2 , y - 3 1/3 , z - 5 1/5 
Using graph of x 1/x , we get 
3 1/3 > 5 1/3 

Also, 2 1/2 < 3 1/3 [v 2 3 < 3 2 ] 

2 1/2 >5 1/s [v 2 5 > 5 2 ] 


=^> y > x > z 

Hence (b), (c), & (d) are not true. 



0 
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44. (b, c, d) : /(x) = xcos —,x > 1 

x 

, 11.1 
j (x) = cos —+ —sin — 
xxx 

45. (d) :g\x) = /'((tanx - l) 2 + 3)-(2 tanx - 2) sec 2 x 
Now, /"(x) > 0 => /'(x) is increasing. 

/'((tanx - l) 2 + 3) >/'(3) = 0 V x e( 0, 7i/4) u (tt/4, n/2) 
Also, (tanx - 1) > 0 V x E (tt/4, tt/ 2) 
g(x) is increasing in (7i/4, n/2). 

(46-48): 

We have/(x) = x 3 - 3(7 - a)x 2 - 3(9 - a 2 )x + 2 
f\x)= 3x 2 - 6(7 - a)x - 3(9 - a 2 ) 

58 

For real roots D > 0, 0 ^ — ...(i) 

Let/'(x) has two roots x x and x 2 (x 2 > x{) 

Minima at x = x 2 

46. (a) : Both roots -ve => 2(7 - a) < 0 => a > 7 
Not possible 

47 (b) : Both roots are +ve => Sum of roots > 0 => a < 7 

•••(h) 

Product of roots > 0 => a E (-«>, -3) u (3, oo) ...(iii) 

58 


From (i), (ii), (iii), we get a E (-°°, -3) U |^3, — 

48. (b) : For points of opposite sign, 

Product of roots < 0 

a E (— 3, 3) 

(49-51) : 

49. (c) 50. (c) 51. (b) 

Now |/(1) -/(0)| <2 => |a + b\ < 2 => (a + b) 2 < 4 
/(-1) -/(0)| < 2 => |a - < 2 ^{a-b) 2 < 4 

Now, 4a 2 + 3fr 2 = 2(a + b) 2 + 2(a - b) 2 - b 2 < 16 - b 2 
(4a 2 + 3fr 2 ) max =16 when = 0 
|a + b| = |a - b\ = \a\ = 2 

Also the possible ordered triplet (a, b, c) are (2, 0,-1) 
or (-2, 0, 1) 

Also - a 2 +2b 2 = — (4a 2 +3b 2 )<-xl6< — 

3 3 3 3 

52. (A) —> (p), (B) —> (p, s), (C) —> (q, r), (D) —> (q) 

(A) We have,/(x) = x 2 log e x 

For/'(x) = x(2logx + l) = 0, => x = ~^= 

sje 

Which is the point of minima as derivative changes 
sign from negative to positive. 

Also, the function decreases in I 0, 

(B) Given, /(x) = x log e x v Ve y 


/'(x) = x x — + log x x 1 = 1 + log x and /"(x) = — 
x x 

For /'(x) = 0 => log x = — 1 => x = — 

e 

/"(x) = — = c>0atx = - 
J 1/e e 

=> /(x) is min for x = - 
e 

(C) We have, f(x) = 

X 

1 - logx 

/'(x) =-= 0, x-e. Also, derivative changes 

x 2 

sign from positive to negative at x = e, hence it is the 
point of maxima. 

(D) We have,/(x) = x“* 

.'. f'(x) = -x ~ x (l + logx) = 0 =^> x = - 

e 

Which is clearly point of maxima. 

53. (A) —> (q, r), (B) —> (r, s), (C) —> (p, r), (D) —> (r, s) 

(A) /(x) = (x - l) 3 (x + 2) 5 

/'(x) = (x- l) 2 (x + 2) 4 (8x + 1) = 0 
=> x = 1, -2, -1/8 

=^> point of minima at x = - — and 

Points of inflection are x = 1,-2 

(B) /(x) = 3 sinx + 4 cosx - 5x 
/'(x) = 3 cosx - 4 sinx - 5 < 0 

/"(x) = -3 sinx - 4 cosx = 0 for infinite value of x 

(C) 



x = 1 point of maxima as well as point of inflection 
(D) f\x) = ^(x-1) -2/5 >0Vxefi 

/"w=/^(x-ir 7/5 
5 5 

At x = If (x) &/"(x) = 0 x = 1 is a point of inflection 

54. (A) -> (p, s), (B) (q, r), (C) (p, r), (D) -»(p, q, r, s) 

The graphs for various cases are given as below 

When a > 0, b < 0 
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When a < 0, b < 0 


When a < 0, b > 0 



2 2 
X V 

55. (4): The director circle of ellipse-b — 

x 2 + y 2 =3 2 1 

Let a point P(V3 cos 0 , V3 sin 0 ) 

Equation of chord of contact is 

x.- V3 cos 0 + 2y V3 sin 0 - 2 = 0 

It touches x 2 + y 2 = r 2 

2 2 
r = 


: 1 iS 


^3 cos 2 0 + 12 sin 2 0 




3 + 9 sin 2 0 


- = 4 



59. (1): Let 0 and 30 be the roots of given equation. 
Then 40 = 4a => 0 = a 
and a - 3a 2 + /(a) = 0 


=> f (a) = 3a —a 

(a + l ) 2 (b + 1) 2 

60.(8):-—— + - 




/min * s ^2 

a 2 1 b 2 1 
= — + - + — H-1-2 


b b 


a a 


a b 
- + - 
b a 


>4 


nl/4 


a b 

+ 4 I 

K b a 


1/2 


>8 


56. (7): The given function is/(x) = 2x 3 - 15x 2 + 36* 
- 48 and A = {* |x 2 + 20 < 9*} 

=^> A = {* |x 2 - 9x + 20 < 0} 

=> A = {* |(x - 4)(x - 5) < 0} => A = [4, 5] 
Also//*) = 6x 2 - 30* + 36 = 6(x 2 - 5* + 6) 

= 6(* - 2){x - 3) 

Clearly V x e A,/'(x) > 0 

/is strictly increasing function on A. 

Maximum value of / on A is 
/(5) = 2 x 5 3 - 15 x 5 2 + 36 x 5 - 48 
= 250 - 375 + 180 - 48 = 7 

57. (6) :/'(*) = 6x 2 + 2ax + b 

Since, f(x) has three real and distinct roots, so=> 4a 2 
-24b>0 

=> a 2 > 6b => a > 3, £> > 1 =$ a = 3, b = 1 
a 2 + b 2 - 4 = 9 + 1 - 4 = 6 

58. (3): Let D = (2, -1) be the reflection of A in x-axis, 
and let E = (1, 2) be the reflection in the line y = x. 
Then AB = BD and AC = CL, so the perimeter of A ABC 

is DB + BC + CE>DE = Jl + 9=yflO 


i r i 
b a a_ 

Where a = tan 2 a, = tan 2 (3 

61. ( 6 ): v f(b) f(c) < 0 and/(c)/(d) < 0 
=> /(x) = 0 has at least four roots, a, q, c 2 , e, where 
q e(b, c) and c 2 e (c, d). Then, by Rolles theorem, 
/'(x) = 0 has at least three roots in, (a, q), (q, c 2 ), (c 2 , e). 
So /(x)/'(x) = 0 has at least 7 roots. 

.*. g(x) = — {/(*)/'(*)} = 0 has at least 6 roots. 


a 0 x 4 + 


dx 

62. ( 0 ): Let P(x) 

P\ 1) = 0 and P\2) = 0 

4 ( 2 q + 3a! + 2 a 2 + a 3 = 0 
and 32a 0 + 12a x + 4a 2 + a 3 = 0 


+ a 4 by hypothesis, 


Also, lim 


P(x) 


= 1 =^> a 4 = 0 and, a 3 = 0 hence 


2 


a 2=l 


lim (a 0 x + a!* + a 2 ) = 1 

x —>0 

Solving, we get a 0 = —, a 1 = -1, a 2 = 1, a 3 = 0 , a 4 = 0 


P(x) = — x 4 
4 


- x 3 + x 2 


P( 2) = 0 


t t + 1/2 — t 


63. (1) :Mn N = /(f) 
f(t) is maximum for t = 1/2 

z.e. a = - => 2a = 1 
2 

64. (8): Suppose that the four numbers on a face of 
the cube is a 1? a 2 , a 3 , a 4 such 
that their sum reaches the 
minimum anda x < a 2 < a 3 < a 4 . 

Since the maximum sum of 
any three numbers less than 
5 is 9, we have a 4 > 6 and a x 
+ a 2 + a 3 + a 4 ^16. 

As seen in figure, we have 
2 + 3+ 5 + 6= 16 and 

that means minimum sum of four numbers on a 
face is 16. 

<$><$> 




/ 



6 



4 


5 
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CLASS XII 


Series 7 


ACE 


YOUR WAY 


Vector Algebra 



Important Formulae 


Position vector of a point P(x, y, z) is 
OP(= r) = xz + y; + zfc, and its magnitude by 


I 2 , 2 ~ 2 

^X +y +Z . 

► Relation between the magnitude (r), direction ratios 
(a, fc, c) and direction cosines (l, m, n) of any vector 

1 a b c 

is l = —, m = —, n = - 
r r r 

► 77ze vector sam o/toe three sides of a triangle taken 
in order is 0. 

► The vector sum of two coinitial vectors is given by 
the diagonal of the parallelogram whose adjacent 
sides are the given vectors. 

- a 

► The vector a - —— gives the unit vector in the 

I a I 

direction of a. 

► The position vector of a point R dividing a line 
segment joining the points P and Q whose position 
vectors are a and b respectively, in the ratio m : n 

na + mb 


> internally, is given by 

> externally, is given by 


m + n 
mb - na 
m-n 


The scalar product of two given vectors a and b 
having angle 0 between them is a • b = \ a \ \ b | cos 0 


> a-^ = 0<^a_L^ 

> IfQ = 0, then a-b=\a\\b\ 

> If 0 = n, then a • b = - \ a || b | 

► i' i - j' j - k ' k = 1, i • j = j • k = k • i = 0 

► Projection of a vector a on other vector b , is 


or -L- (a ■ b). 
\b\ 


> IfQ = 0, then the projection vector of AB will be 
AB itself and ifQ = n, then the projection vector 
of AB will be BA. 

ji 3tt 

> If Q = — or Q = —, then the projection vector 

2 2 

of AB will be zero vector. 

► IfQ is the angle between two vectors a and b, then 
their cross product is given by 
a xb = | a | | fc | sin0 n where h is a unit vector 
perpendicular to the plane containing a and b such 

that a, b,n form a right handed system of 
coordinate axes. 

axb = 6 <^a\\b 
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If 0 = — then a xb =1 a II b I. 

2 i ii i 

i x i = j x j = k x k = 0 
ix j = k,j xk = i, kxi = j 

A A A A A A A A /V 

j xi = - k, kxj = — i,ixk = — j 

If we have two vectors a and b, given in component 

formas a = a x i + a 2 j + a 3 k and b = ^z + j + bff 
and X azry scalar, then 

> a±b = (a 1 ±b 1 )i + (a 2 ±b 2 )j + ( a 3 -^ 3 ) ^ 

> A,3 = (2uq) z + ( Xa 2 )j + (Xa 3 ) k 

> a-b — af) x + a 2 b 2 + a 3 fr 3 


> axb = 


a~t a^ 


or a xb = -b x a 


If a and b represent the adjacent sides of a triangle, 
then its area is given as ^ [ a X b \ 

Scalar Triple product: For three vectors a, b and c 
the scalar a-(b xc) is called the scalar triple product 
of a,b andc and is denoted by [3 b c]. Thus, 
[a b c] - a ■ (b X c) 

Coplanarity: Three vectors a, b and c are coplanar 
Iff [a b c] = 0 


WORK IT OUT 


VERY SHORT ANSWER TYPE 

1. If the position vector a of a point (12, n) is such 
that | a | = 13, find the value of n. 

2. A vector r is inclined at equal angles to OX, OY 
and OZ. If the magnitude of f is 6 units, find r . 

3. Find the value ofZ so that the vectors a = 2z + Xj + k 
and b = z - 2 j + 3 k are perpendicular to each other. 

4. If axb = c x d and axe -b xd , show that 
(a- d) is parallel to (b—c), it is being given that 
a ^ d and b ^ c . 

5. If a = 2i +3 j — k and b = i + 2 j + 3k , find 3 x ^ 
and | 3 x b \. 

SHORT ANSWER TYPE 

6. If A, B, C have position vectors (2, 0, 0), (0, 1, 0), 
(0, 0, 2), show that A ABC is isosceles. 

7. Prove by vector method that the area of A ABC is 
a sin B sin C 


9 


2 sin A 

8. Prove that four points 23 + 3b - c, a-2b + 3c, 
33 + 4b - 2c and a-6b + 6c are coplanar. 

If a .b = a .c,axb = axc and 3^0, then prove 
that b = c . 

10. Find the position vector of a point A in space such 
that OA is inclined at 60° to OX and at 45° to OY 
and I OA I = 10 units. 


LONG ANSWER TYPE - I 

11 . Prove by vector method that 
sin(a + (3) = sina cos(3 + cos a sin (3. 

12. Given, 3 = z + 2 j + 3k, b = - i + 2 j + k and 

c = 3z + j . Find a unit vector in the direction of 
resultant of these vectors. Also find a vector f which 

is normal to both 3 and b . What is the inclination of 
f to c ? 

13. AD, BE and CF are the medians of a triangle ABC 
intersecting in G, show that 

ar(AAGB) = ar(ABGC) = ar(ACGA) = - ar(AABC). 

14. If 3 and are two vectors, show that 

(i) (axb) 2 =a 2 b 2 -(a-b) 2 

—^ a ’ a a ‘ b 

(ii) (axb) 2 = _ _ 

a-b b • 

15. Show that the area of the parallelogram having 
diagonals 3 i + j - 2k and z - 3 j + 4 ic is 5 V3 . 

LONG ANSWER TYPE - II 

16. If 3, fc, c , are non-coplanar vectors, then prove that 
a + b,b +c,c + a are non-coplanar. Is this true 
for 3 - b, b + c, c + 3 ? 

17. The lines joining the vertices of a tetrahedron to the 
centroids of opposite faces are concurrent. 

18. If 3 = 3z - j + 2k, b = 2z + j-k,c = i-2j + 2k ,find 
(3 xb)xc and a x(b xc) and hence show that 
(a xb) xc ^ a x(b xc) 


O 
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19. The position vectors of the points A, B, C are 
respectively (1, 1, 1), (1, -1, 2) and (0, 2, -1). Find a 
unit vector parallel to the plane determined by A, B , C 
and perpendicular to the vector (1,0, 1). 


20. If 3, fc are two non-collinear vectors, show that the 
points having position vectors l x a + Z 2 3 + m 2 b 

1 1 1 

and Z 3 3 + m 3 k are collinear, if b U U = 0. 






SOLUTIONS 


1. The position vector of the point (12, n) is 12/ + nj. 

3 = 12/ + /7/ => \ a | = V12 2 + n 2 

But, | a | = 13 13 = Vl2 2 +« 2 

=+> 169 = 144 + ft 2 => n 2 = 25 => n = ± 5 

2. Suppose f makes an angle a with each of the axes 
OX, 07 and OZ. Then, its direction cosines are 

Z = cos a, m = cos a, n = cos a => l-m-n . 

Now, l 2 + m 2 + ft 2 = 1 => 3l 2 = 1 => l = ±— 

73 

r = | r | (il + jm + kn) 


3. If the vectors 3 and Z? are perpendicular to each 
other, then 3 • b = 0 

=^> (2 / + Xj + k) • (/ - 2 j + 3k) = 0 

=> (2) (1) + M-2) + (1) (3) = 0 

, , 5 

=> -2Z + 5 = 0 => X = —. 

2 

4. Given axb = c xd and axe = b xd 


Now, (a - d) x (b -c)= (a xb) - (d xb) - (a x c) +(dxc) 

[By distributive law] 
= (a xb) + (b xd) - (a xc) -(c xd) = 0 


=> (a-d)x(b -c) = 0 => (3-3)||(Z?-c) 

[Here 13 - 3 | + 0 and | Z? - c | + 0 as 3 + 3 and Z? + c ]. 


5. Given, 3 = 2/ + 3j - k and fc = / + 2j + 3k 


1 J 


Now, axb = 


2 

1 


3 

2 


-1 

3 


= (9 + 2) / - (6 + l)j + (4 - 3)k = 11 i-7j + k. 

\axb\ = \fl7l 

6. We have, AB = P.V. of B - P.V. of A 
==> AB = (0/+ ^ + Ok) — (2/+ Oj + Ok) = — 2/+ j + Ok 

AB = |AB|=V(-2) 2 +l 2 +0 2 =75 
BC = P.V. of C-P.V. of B 
=> BC = (0/ + Oj + 2k) — (0/ + j + 0k) = 0/ — j + 2k 

.-. BC = |BC| = Vo 2 +(-1) 2 +2 2 =75 

Clearly, AB = BC. Hence, AABC is isosceles. 

7. Area of the triangle AB( 

= -|BCxBA|= -lacsinB; 

2 2 

1 „ 1 c 

= — ac sin B = -a-sin B 

2 2 sin C 

1 a • u • ^ 

= —a-sinB sinC 

2 sin A 

9 

a sinB sinC 
2 sin A 

8. Let the given four points be P, Q, R and S respectively. 
These points are coplanar if the vectors PQ, PR 
and PS are coplanar. These vectors are coplanar if one 
of them can be expressed as a linear combination of 
other two. So, let PQ = x PR + y PS 

=> -3 - 5b + 4c = x(3 + b -c) + y(—a -9b + 7c) 

=> -3-5k + 4c = (x- y)a + (x - 9y)b + (-x + 7y)c 
=> x -y = -1, x - 9y = -5, -x + 7y - 4 

[Equating coeff. of 3, b , c on both sides] 

Solving the first two of these three equations, we get 
x = -1/2, y - 1/2. These values also satisfy the third 
equation. Hence the given four points are coplanar. 

9. Given, 3 .b = 3 .c => 3. Z? - 3. c = 0 

=> a.(b — c) = 0 => b —c = 6 or 3 _L (Z? — c) 

=> & = c or 3i(b-c) ...(i) 

Again, given, axb = axe and 3 + 0 
=> (axb)-(axc) = 0 => a x(b — c) = 0 
=> (b - c) = 6 or 3 || (b - c) 

=> b =c or 3 11 (b — c) ...(ii) 


>7 I 


sinC 
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From (i) and (ii), we get b =c 


[ v a Lib - c) and a\\(b — c) both cannot be 
simultaneously true] 


10 . Let /, m, n be the direction cosines of OA. It is 
given that OA is inclined at 60° to OX and at 45° to OY. 


.*. I = cos 60° = — and m — cos 45° = — 

2 V2 


But, l 2 + m 2 + n 2 = 1 — H-1- h 2 = 1 => n = ± — 

4 2 2 

Thus, we have l = —,m = —j =, n =± — and I OA I = 10 

2 V2 2 ' ' 


12. The resultant of given vectors is given by 
{a + b + c) = 3i + 5j + 4 k 

| $ + b + c | = 'sj (3 2 + 5 2 + 4 2 ) = 5 V 2 
Unit vector in the direction of the resultant 


1 


5^2 

Let r = a x b = 


(3 i + 5j + 4k) 


z j k 

1 2 3 

-1 2 1 


- - 4i- 4 j + 4k 
V(-4) 2 + (—4 ) 2 + 4 2 = 4^3 


OA = | OA | (Z z + m j + nk) 


OA = 10 (— z H— 7 = j ± — k I = 5 / + 5 V 2 / ± 5fc 

U V2 2 J 


11. Let OX and 07 be two mutually perpendicular 
lines in the plane of the paper. Let i and j be the unit 
vectors along OX and 07 respectively 

Let OA and OB be two lines in 
the plane of the paper making 
angle (3 and a respectively with 
OX, OA being below OX and OB 
being above OX. 

Then, ZAOB = a + (3 

Let OP and OQ be the unit vectors along OA and OB 
respectively, 

Then OQ = cos a i + sin a j 



and OP = cos(3/ + sin(3(-j) = cos(3 / - sin(3 j 


Let k denote a unit vector perpendicular to the plane of 
the paper such that i, j , k form a right-handed system. 

Now OP x OQ = 1.1 sin(a + (3 )k = sin(a + (3 )k ...(i) 
Again OP x OQ = (cos (3 / - sin (3 j) x (cos a z + sin a j ) 


Let 0 be the angle between f and c , then 
6 = cos -1 ^ V ' C 

= cos- 1 1 ( - 4i - 4 {- + + j) i or 8 = cos- 1 , _ 

l (4V3MV10) J IV30 

_i f 4 

.*. Angle between r and c = n- cos I -^= I 

13. Let c be the position vectors of B and C with 

respect to A as the origin of reference. 

Therefore, the position vectors of D, P, F are 

1 ^ _ 1 _ 1 - A 
— (b + c), —c, —b respectively. 

Also the position vector of the 
point G, the centroid, is 

t(0 + b+c) = -(b + c) 

3 3 

Therefore, area of A AGB = —(AB x AG) 

2 

- | b x c | = -ar(AAPC). 

6 3 1 

Similarly, we can show that ar(ABGC) = - ar(AABC) 

1 3 

and ar (ACGA) = - ar(AABC). 



1 I y 1 _.v , 

-fox -(fo + c) 

2 3 


z j k 

= cos (3 -sin (3 0 
cos a sin a 0 

From (i) and (ii), we have 

sin(a + (3) = sin a cos (3 + cos a sin (3 


= (sin a cos (3 + cos a sin (3) k 

...(h) 


MPP-7 CLASS XII 


ANSWER KEY 


1. (c) 2. (b) 3. (b) 4. (d) 5. (a) 

6. (a) 7. (a,c) 8. (b,c,d) 9. (a,b,c,d) 

10. (a) 11. (a,b) 12. (a,d) 13. (c,d) 14. (b) 

15. (c) 16. (d) 17. (8) 18. (9) 19. (3) 

20 . ( 1 ) 


0 
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14. (i) (a x b ) 2 = | a x b \ 2 ( v ^ = I ** I ) 

= (| a 11 fo |sin0) 2 = (| d | 2 | | 2 sin 2 0 

= a 2 b 2 sin 2 0 = a 2 b 2 (1 - cos 2 0) = a 2 b 2 - a 2 b 2 cos 2 0 
= a 2 b 2 - (ab cos 0) 2 = 0 2 ^ 2 - (| d 11 b \ cos0) 2 
= a 2 b 2 - (a • b) 2 


(ii) (a x b) 2 = a 2 b 2 - (a • b) 2 = \a\ 2 \b\ 2 -(a-b) 2 


= (a • a) (b • b) - (a • b) (a • b) 

15. Let OABC be the parallelogram. 
Take OA = a and OC = c 


& ’ & a * b 
a-b b - b 


Then OB — OA + AB — OA + OC — a + c 


and CA = CO + OA = OA + CO = OA - OC — a — c 


It is given that a + c = 3i + j - 2k 
and a - c = i - 3j + 4k ...(ii) 

Adding (i) and (ii), we get 
2 a = 4 i - 2 j + 2k 

=^> a = 2i- j + k —(hi) 

Subtracting (ii) from (i), we get 

2 c = 2i + 4 j - 6k =^> c = i + 2 j - 3 k 
Now, a Xc = (2i - j + k) X (i + 2 j - 3k) 

= z + 7 j + 5k 



z j k 
2 -1 1 
1 2 -3 


Area of the parallelogram OABC 
= | a x c = | / + 7 j + 5k | = V75 = 5 V 3 


.(iv) 


16. Consider [a + ?7 fr+c c + a] 

= (a + b)- [(b + c) x (c + a)] 

= (a + ^) • [(b x c + ^ x a + c x c + c x a)] 

= (a + b)'[b xc + b xa + c xa] [v c x c = 0] 

= a • (b x c) + a • ( b x a) + a • ( c x a) + ^ • (b x c) 

+ b • (b x a) + b • (c xa) 
= [abc] + [aba] + [aca] + [bbc] + [bba] + [bca] 
= [a b c] + [b c a] = 2 [a b c] ...(i) 


Given, a, fc, c are non-coplanar vectors 

=> [ab c]^ 0 —(h) 

=> [a + bb+cc+a]^ 0 [From (i)] 

=> a + ^,?7+c, c + 5 are non-coplanar vectors. 

Now, consider 

[a-b b+c c + a] = (a-b)-{(b +c)x(c + a)} 

= (a - b) • {b xc + b x a + c xc + c x a) 

= (a - b) - {b xc + b x a + c x a} 

= a - (b xc) + a - (b x a) + a - (c x a) 

-b-(bxc)-b-(bxa)-b-(cxa) 
= [a b c] + [a b a] + [a c a] - [b b c] - [b b a] - [b c a) 
= [a b c] - [b c a\ = [a b c] - [a b c] = 0 


Hence a-b, b + c, c+a, are not non-coplanar i.e., 
they are coplanar. 


17. Let OABC be a tetrahedron. Taking O as the 
origin, let the position vectors of the vertices A, B, 

C be a, b and c respectively. Let G, G p G 2 , G 3 be 
the centroids of the faces ABC, OAB, OBC and OCA 
respectively. Then, 


Position vector of G = 
Position vector of G x = 

Position vector of G 2 = 
Position vector of G 3 = 


a + b + c 
3 

a + b 
3 

^ + c 
3 

c + a 
3 


A(a) 



Now, P.V. of a point dividing OG in the ratio 3 : 1 


a -\- b c 


+ 1*0 —,r,— 

a + + c 


3 + 1 


P.V. of a point dividing AG 2 in the ratio 3 : 1 

(b + c) 

_ 3 (^rJ + 1 ' fl _a + b+c 
3 + 1 ~ 4 

P.V. of a point dividing BG 3 in the ratio 3 : 1 

(c+a) 

_ 3 ( 3 J +1 _ fl + £ + c 

3 + 1 4 
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P.V. of a point dividing CG X in the ratio 3 : 1 


, a + b 

3| —l + l-c 
3 + 1 


a + b + c 


i a + b + c 

Thus, the point having position vector - is 

4 

common to OG, AG 2 , BG 3 and CG r Hence, the line 
joining the vertices of a tetrahedron to the centroids of 
opposite faces are concurrent. 


18. a xb = 


1 j k 
3-12 

2 1 -1 


= -i + 7j + 5 k 


( axb)xc = (-z + 7 j + 5k) x (z - 2 j + 2k) 

= 24? + 7j - 5k 


i j k 
-17 5 

1 -2 2 




Again, b xc = 


1 j k 

2 1 -1 

1 -2 2 


= —5j - 5k 


a x (b x c) = (3 i - j + 2k) x ( -5j - 5k) 

15 (/ + } - fc) 


z j A: 
3-12 
0 -5 -5 


...(h) 


From (i) and (ii), we conclude that 
(a xb) xc ^ a x(b xc) 

19. Given OA = z + j + k, OB = i- j + 2fc 
and OC = Oi + 2j - k where O is the origin 
.*. AB = OB - OA = 0/ - 2j + fc 

and AC = OC - OA = -i + j - 2k 

Let the vector (1, 0, 1) be a, then a = i + 0 j + k 

Let P = AB x AC, then 


p = 


Z ] K 

0 -2 1 

-1 1 -2 


= 3z - j - 2k 


Let a be a unit vector parallel to the plane ABC and 
perpendicular to vector a . 

©M 


Since a is parallel to plane ABC and p is perpendicular 
to plane ABC , therefore alp. 

Thus, Sip and 315 and hence a 11 p x a 

k 


Now, P x a : 


J 

-1 


0 1 


5j + k 


and | p x a | = 5^5 
P x a 1 


a = 


(~i — 5j + k) 


| P x a | 3V3 

20. If given points are collinear, then there exist scalars 
x, y , z such that x(l x a + m x b) + y(l 2 a+m 2 b) 

+ z(l 3 a + m 3 b) = 0 , where x + 7 + z = 0 

=^> (l x x+ l 2 y + l 3 z)a + (m x x + m 2 4 + ztz 3 z) b — 0 , 

=^> l x x + lyy + l 3 z = 0 , ztz x x + + m 3 z = 0 , 

[y 2 , ^ are non- collinear vectors] 
Thus, we have, x + y + z= 0 ...(i) 

l x x + lyy + Z 3 z = 0 ...(ii) and + m 3 z = 0 ...(iii) 

Solving (ii) and (iii) by cross-multiplication, we get 

X - y - 2 - X (say) 


l 2 m 3 


■ l 3 m 2 


h m \ 


' h m 3 


h m 2' 


h m i 


=> x = X(l 2 m 3 - l 3 m 2 ), y = X(l 3 m x - l x m 3 ) 
z = X(l x m 2 - l 2 m x ) 

Substituting the values of x, y, z in (i), we get 
( l 2 m 3 -l 3 m 2 ) + ( l 3 m x - l x m 3 ) + ( \ x m 2 - l 2 m x ) = 0 

1 1 1 

= 0 


u u 


m. 




h 


m? 
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MPP-7 


MONTHLY 

Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Definite Integration & Application of Integrals 



Class XII 



Total Marks: 80 

Only One Option Correct Type 

4 n r~ 

1. The value of lim ^ —— — - 

n ^°° r = i Vr(3Vr +4Vrc) 2 


is equal to 


(a) 


35 




(b) — 
v ' 14 


2. The area of the loop of the curve ay 2 = x 2 (a - x) is 


(a) 4a 2 sq. units 
, . 16a 2 

(c) -sq. units 


101 


3. If J, = J 


/ix 8a 

(b) — sq. units 
(d) None of these 

dx 


-100 (5 + 2x - 2x 2 ) (1 + e 2 4x ) 


and 


(a) 2 


4. Let /(x) = 


101 


-100 


dx 


5 + 2x - 2x 


-, then — is 


(b) i 


(c) 1 


(d) 


? 1 
min{(x - 1) , 2x(l - x )}, if 0 < x < - 

2 


min{2x(l - x), x 2 } 


, if — < jc < 1 
2 


Then the area bounded by the curve and x-axis, is 


, V 40 

(a) -sq.umt 

118 

, N 40 

(c) -sq. unit 

128 


/ux 21 

(b) -sq.umt 

108 

31 

(d) -sq. unit 

108 


o r 


5. 


cot 


- 71/3 

is equal to 

, x 

(a) T 
(c) T 


2 cos x — 1 


+ cot 1 1cosx 


Time Taken: 60 Min. 
' 'dx 


(b) t 


6. The integral J |[x] + ln^ | + X jt dx equals 

n - 1/2 L ^ 


(a) 


(b) 0 

(c) 1 (d) 2 ln(l/2) 

One or More Than One Option(s) Correct Type 

7. Which of the following have the same bounded 
area ? 

(a) f(x) = sinx, g(x) = sin 2 x, where 0 < x < 1071 

(b) /(x) = sinx, ^(x) = |sinx|, where 0 < x < 2071 

(c) f(x) = |sinx|, ^(x) = sin 3 x, where 0 < x < 1071 

(d) None of these 

k/4 

8. If I n = J tan^ x dx , (n > 1) and is an integer), then 

0 

( a ) I n +I n _ 2 = 

(b) I n +I n _ 2 = 

n — 1 

(c) I 2 + / 4 ,14 + / 6 , , are in H.P. 

(d) —-— <I„< —-— 

2(n + l) n 2 (n - 1) 


n +1 
1 


© 
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9. Ci : x 2 + y 2 - 2x - Ay + 1 = 0, C 2 : x 2 + y 2 + 8x = 0 be 
two circles, then 

(a) the length of their common chord is 

(b) the length of their common tangents is 5 

(c) the centre of C 2 is an interior point of C x 

(d) the area of C 2 is more than C 1 



10. If fix) = | (cos(sin t) + cos(cos t)) dt , then fix + n) is 


(b) f{x) + 2/(71) 
(d) None of these 


11 


(a) f(x) +/(71) 

(c) /M + /(j 
1/2 1 

.If 1= [ | dx for n > 1, then 


(a) I<1 (b)I>- (c) J> 1 


(d)/<- 


12. If 


J 


0 


sin(2n - l)x 
sinx 


k/2 

dx , = J 

o 


\2 

sin nx | 7 

- dx, 

sinx J 


for ne N, then 

(a) A n + 1 - A n (b) B n + i — B n 

(c) A n + 1 — A n — B n + i (d) B n + 1 — B n — A n + i 


Matrix Match Type 


16. Match the following. 


Column I 

Column II 

P. 

f dx 

1. 

2(V2-l) 

J 1 , 2 “ 

_i 1 + X 

Q. 

71/2 

| Vl-sin2x dx = 

0 

2. 

^2-l) 

2 

R. 

71/2 

| xVl-sin2x dx = 

0 

3. 

71 

3 

S. 

1 

<N * — 

4. 

71 

2 

1 x^lx 2 — 1 


P Q R S 

(a) 2 3 1 4 

(b) 2 3 4 1 

(c) 1 4 3 2 

(d) 4 1 2 3 


13. The area bounded by y = log e x, x-axis and the 
ordinate x = e is equal to 

1 

(a) 4 sq. unit (b) — sq. unit 


(c) 1 sq. unit (d) Jlog xdx 

l 

Comprehension Type 

Two curves C x = [f(y )] 2/3 + [/(*)] 1/3 = 0 and 

C 2 = [f(y )] 2/3 + [fix )} 2 ' 3 =12, satisfying the relation 
(x - y) f(x + y) - (x + y) fix - y) = 4xy (x 2 - y 2 ). 

14. The area bounded by C x and C 2 is 

(a) 271 - V3 sq. units (b) 271 + V3 sq. units 
(c) 7T + V(5 sq. units (d) 2 V 3 - 7t sq. units 

15. The area bounded by C x and x + y + 2 = 0is 


(a) 

(c) 


5 

— sq. units 
9 

- sq. units 
2 


(b) 


7 

— sq. units 


(d) None of these 


Integer Answer Type 

17. The area bounded by the curves y - x(x - 3) 2 and 
y-x is_(in sq. units) 


18. If a = J ie 


9x+3tan 1 x 


12 + 9x 2 

v 1 + X 2 y 


dx where tan l x 


takes only principal values, then the value of 


371 


log e 11 + a I-is 


Vx 


19. Definite integration of f —== - — dx — — , then 

a + b is o — x + Vx b 

4 


20. If J({x}) W dx = — , then a- bis equal to . 


l 


where {•} and [■] denote the fractional part and the 
greatest integer functions respectively. ^ ^ 

Keys are published in this issue. Search now\ © 


SELF CHECK/ 

No. of questions attempted . 

No. of questions correct . 
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MUSING 


M aths Musing was started in January 2003 issue of Mathematics Today. The aim of Maths Musing is to augment the chances of bright 
students seeking admission into IITs with additional study material. 

During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new 
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting thousand of our 
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Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope 
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced. 


^>ROBL£/ty 

Set 179 


JEE MAIN 


1. If a regular polygon of n sides has the circumradius 
R and inradius r then each side of the polygon is 
equal to 


(a) 2(R + r)tan — 
2 n 

(c) 3 R tan — 

2 n 


(b) 2r tan — 

4 

(d) (R + r)tan n 


lim 

x— 

(a) n\ 


l 1,x + 2 llx +3 Vx +... + n llx 


(b) 3« ! (c) 0 (d) oo 

2 

3. If J = Jmax{ln(l + x 2 ), 1} dx,then 


J-2[ln5 +Vc-1 - tan 1 -Je-1 + tan l 2] = 

(a) 0 (b) 1 (c) 2 (d) -4 

4. If a be the digit at unit s place in 11 2012 + 23 2012 - 3 2012 , 


then | 


dx 


J £ 2 1 
-X + — 


( \ 71 
(a) 6 


n 

<b) 3 


( \ K 
(C) 2 


(d) T 

4 


5. The sum of areas of all triangles whose vertices are 
also vertices of a cube of unit edge is m + Vn + yjp, 
where m + n + p is 

(a) 320 (b) 332 (c) 342 (d) 348 


JEE ADVANCED 


45 


6. Letz = cosl° + zsinl°, A= ^ R e(z r ) 


45 


r = 1 


and B = ^ Im (z r 1 ) 

r = 1 

(a) A = B 

11 1 x 

(c) ^ + ^ = 1 (d) - = i(z-z) 

A 2 B 2 A 


(b) A 2 + B 2 = 1 


COMPREHENSION 


A function/: R—> R satisfies the following conditions: 
(i) f(-x ) =f(x) (ii) f(x + 2) =f{x) 

X 

(iii) g(x ) = | f{t)dt and ^(1) = a. Then 
o 

7. The value of g(x + 2) - g(2) is 

(a) 3g(x) (b) 2 g(x) 

(c) g(x) (d) none of these 

8. The value of g(2) and g(5) (respectively) in terms of a, is 

(a) 2 a, 5a (b) a , a 

(c) a/2, a/5 (d) none of these 


INTEGER TYPE 


x v — 1 z 1 

The image of the line — =-=- in the 

12-2 

plane x + y + z = 1 meets the x-z plane at the point 
(a, b, c) where c is 


MATRIX MATCH 


10. Match the following. 



P Q R S 

(a) 2 1 4 3 

(b) 4 3 2 1 

(c) 2 1 3 4 

(d) 2 4 3 1 


0 
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PAPER-1 


ONE OR MORE THAN ONE OPTION(S) CORRECT TYPE 


This section contains 10 multiple choice questions. Each 
question has four choices (a) f (b), (c) and (d) out of which 
ONE or MORE may be correct. [Correct ans. 3 marks & wrong 
ans. r no negative mark] 


(b) —tan 1 f — |(a<0, b<0) 
ab ya ) 

, N k , ,v 1 _i (a i 1 

(c) -( a = l,b = l) (d) —tan 1 - + — 

4 ab \b) ab 


dy x 2 + y 2 +1 

1. The solution of — =---satisfying y( 1) = 1 

• s dx 2 xy 

(a) a hyperbola (b) a circle 

(c) y 2 = x(l + x) - 1 (d) (x - 2) 2 + (y - 3) 2 = 5 


2. If the antiderivative of sin 


l x 


IS 


xsin 


l * 


x + 1 


'x + 1 
lx + fog(x) + C then 


( a ) f(x) = sin -1 x, g(x) = Vx 

(b) = V^ + l, f(x) = tan -1 x 

( c ) f(x) = tan -1 x, g'(x) = 4 x 

(d) none of these 


3. The value of the integral J e x dx is 

o 

(a) less than e (b) greater than e 

(c) less than 1 (d) greater than 1 


71/4 ^ 

4. The value of the integral [ -is 

8 J 2 2 . / 2 • 2 

0 a cos x + b sin x 


(a) 


— tan 
ab 


j(a>0, fr>0) 


5. The graph of the function y = f(x) passing through 
the point (0,1) and satisfying the differential equation 

— + y cos* = cos* is such that: 
dx 

(a) it is a constant function 

(b) it is periodic 

(c) it is neither an even nor an odd function 

(d) it is continuous and differentiable for all x. 


6 . 


7. 


8 . 


The differential equation of all parabolas each of 
which has a latus rectum ‘4a and whose axes are 
parallel to x-axis is 

(a) of degree 2 and order 1 

(b) of order 2 and degree 3 




n/2 

n/2 

(a) 

r 1-COS3X 7 
dx 

(b) f 


J l + 2cosx 

J 


0 

0 

(c) 

n 

(d) 1 


2 


The integral of —---— 

sin 2 x + tan 2 x 


cos3x + l 7 

- dx 

2cosx-l 


must be 
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(a) -- 
2 


(b) -- 
2 


1 _if 1 

tanx + —^=tan —;=tanx 

x/2 W2 

1 _if 1 

cotx + -7=tan —^=tanx 

V2 W2 


+ c 


+ c 


(c) 

(d) 


1 _! f 1 

cotx—^ tan —tan x 

V2 W2 


+ c 


1 _! f 1 

cotx— -j= cot —tan x 

V 2 W2 


+ c 


9. Orthogonal trajectories of family of parabolas 
y 2 = 4a(x + a) where ‘a’ is an arbitrary constant is : 
(a) ax 2 = 4cy (b) x 2 + y 2 = a 2 

(c) y - ce~ xl2a (d) axy = c 2 

where c is a constant. 


10. J 

(a) 

(c) 


f A 2 

lnx — l 


12. The area bounded by the curves y- In x, x- axis and 
x = eis 

1 * 

13. If g(x) = -j{3t-2g'{t)}dt, then 2g'(2) = 

X 2 

14. Find the area enclosed by the curve [x] + [y] = 4 in 
the 1 st quadrant (where [.] denotes greatest integer 
function). 

15. The order of the differential equation whose general 

solution is given by y = C 1 +C 2 cos x + C 3 + C 4 e 5 

where Q, C 2 , C 3 , C 4 , C 5 are arbitrary constants is 

71/2 

16. The value of integral, J sin 2x tan -1 sin xdx must 

71 0 

be equal to — - fc, where k is 


(lnx; +1 
x 


X 2 +1 


+ c 


dx is equal to 


(b) 


37 


lnx 


The value of J 


7tsin(7tlnx) 7 . 
- dx is 


(In X) +1 


- + c 


(In x) +1 

(d) 


f X ^ 

—- \+c 

18. The value of J 

vX 2 +1 J 

-2 


INTEGER ANSWER TYPE 


Till 


71/4 


This section contains 10 questions. Each question, when 
worked out will result in one integer from 0 to 9 (both 
inclusive). [Correct ans. 3 marks & wrong ans., no negative 
mark] 

2 

11. If f(x) = max {2 - x, 2, 1 + x}, then J f( x )dx = 

-l 


19. If J /(sin 2x) sin xdx =A\[l J f(cos2x)cosxdx 

o o 

then the value of A is 

20. The value of y(y/s)-— if (1 + x 2 ) — = x(l - y), 

9 dx 

y( 0) = 4/ 3 is 


PAPER-II 1 



ONLY ONE OPTION CORRECT TYPE 

r xk)2X _ 


question has four choices (a), (b), (c) and (d) for its answer, 
out of which ONLY ONE is correct. [Correct ans. 3 marks and 
wrong ans. -1] 

1. The area bounded by the curves/(x) = sin _1 (sinx) 
andg(x) = [sin _1 (sinx)] in the interval [0,7i], where 
[•] is a greatest integer function, is 

(a) 71/2 (b) (71/2 - l) 2 

(c) 71 (d) (71/4 - l) 2 

2 

2. The value of A* 2 -1 ]dx, where [x] denotes the 

0 

greatest integer function, is given by 

(a) 3-V3-V2 (b) 2-V3 

(c) 4-V3-V2 (d) none of these 


3 - J 


2x2 


4. 


0 (1 + X ) 

(a) 1 (b) 0 

371/2 

!f A= J 


cosx 


0 


cos x-sin x 


(c) 2 (d) none of these 

37T/2 

, „ r sin x 

-dx, B= I - dx 


0 


cos x-sin x 


(d) 71 


1 


then the value of A + B is 
(a) 371/2 (b) 71/4 (c) 0 

5. The antiderivative of /(x) = - 

3 + 5sinx + 3cosx 

whose graph passes through the point (0, 0) is 


(a) 


1, 

5 x 

i, 

5 x 

-In 

1 — tan — 

(b) -In 

l + -tan — 

5 

3 2 

V ' 5 

3 2 


0 
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(C) -In 
5 


6. J 


xe 


iX + xf 

X 


5 x 

1H— COt — 

3 2 


-dx = 


(d) none of these 


(a) 


(c) 


x + 1 


- + c 


(b) e x (x + 1) + c 

X 


u+ir 


- + c 


(d) 


1 + xT 


- + c 


7. A solution of ^ \+x 2 


dy 

dx 


is 


(a) 6 


COMPREHENSION TYPE 


This section contains 2 paragraph. Based upon each of the 
paragraphs 3 multiple choice questions have to be answered. 
Each of these questions has four choices (a) f (b), (c) and (d) 
out of which ONLY ONE is correct. [Correct ans. 3 marks & 
wrong ans. -1] 


Paragraph for Q. No. 11 and 12 

<\)(x)dx 


Consider the integral J 


where (|)(x) is 


a/ (ax 2 +bx + c) 

a polynomial in x. 

If (|)(x) is a polynomial of degree n , then there exists 
a polynomial/(x) of degree (n - 1) and a constant 
such that 

<\)(x)dx r/ x / 7 ” _ r dx 


j 




r = f(x)^lax 2 + bx + c + Dj 


ax A +bx + c) ’ '[ax A +bx + c 

11. Differentiating both sides with respect to x and 
ultiply by a Jax 2 + bx + c , we get 


(a) 4,M = /'M(« 2 + to + C ) + I(2« + l,)/ M + D 
,b) ♦W = /'(,)(^ + („ + c )-I(2« + b)/(,) + D 

(c) d)(x) = - f'(x)(ax + bx + c) + — (2ax + b) f(x) + D 

2 2 

(d) none of these 

12. Now apply this method to evaluate the given 
integral. 


(a) y - 2 c 1/2 x 1/4 + c (b) y - 2 4c x 2 + 2 
(c) y = 2Vc(x + l) (d) y - 2Vex + c 2 

8. If | tan 7 xdx = /(x) + log | cos x |, then 

(a) /(x) is a polynomial of degree 8 in tanx 

(b) /(x) is a polynomial of degree 5 in tanx 

(c) /(x) is a polynomial of degree 6 in tanx 

r/ x tan 6 x 1 4 1 2 

(d) f (x) =-tan x + - tan x 

W 7 6 4 2 

+ log|cosx| + C 

9. If l mn -1 cos m x sin nx dx , then 7 J 4j3 - 41 3j2 = 

(a) constant (b) -cos 2 x + C 

(c) -cos 4 x cos3x + C (d) cos7x - cos4x + C 

10. If/(x) is an even and differentiable function, then 

l 

the value of J x 3 /(x) + x/"(x) + 3 dx- 
-l 

(b) 2 (c) 0 (d) 1 


If l 


(x 3 + 4x 2 — 6x + 3)dx 




5 + 6x - x 


= (Ax 2 +Bx + C)J(5 + 6x-x 2 ) + Dsin 1 [ ^ x 

W14 

then 

(a) A = 1 (b) B = 9 - (c) C = - (d) C = - — 

3 5 6 6 

Paragraph for Q. No. 13 and 14 

An even function/is defined and integrable everywhere 
and is periodic with period 2. 

Also, function g(x) = J f(t) dt andg(l) = A 
0 

13. Function ^(x) is 

(a) odd (b) even 

(c) neither even nor odd 

(d) can't be determined 

14. Value of g(2) in terms of A is 

(a) 2A (b) A/2 (c) 4A (d) A/4 


Let f(x) = 


Paragraph for Q. No. 15 and 16 

2 


x 3 + 6x 2 +1 lx + 6 


l 


mi 


15. Then J/(x) dx is equal to 


(a) 3 ln3 - 5 ln2 (b) 5 ln2 - 3 ln3 

(c) 5 ln2 + 3 ln3 (d) none of these 

16. f(n) is equal to 

W/n fl/n M/n 

(a) ——-— H-— — to (n + l) terms 

w 3 4 5 

Yl Yl Yl 

(b) —--— H-— -.... to (n + l) terms 

’ 3 4 5 

n /"1 H/n U/n 

(c) ——-— H-— -.... to (n +1) terms 

3 4 5 

(d) none of these 
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MATRIX MATCH TYPE 


This section contains 4 questions, each having two matching 
columns. Choices for the correct combination of elements 
from column-1 and column-ll are given as options (a) f (b) f (c) 
and (d) f out of which one is correct. [Correct ans. 3 marks 
& wrong ans. -1] 


17. Match the following. 


Column I 

Column II 

(p) 

The equation of curve 
y 2 (a 2 + x 2 ) = x 2 (a 2 - x 2 ). The 
area of a loop of the above 
curve is 

1. 

4a 2 

(Q) 

The area of the curve 
a 2 y 2 = x 2 {a 2 - x 2 ) is 

2. 

2,,2 ( 1+ l) 

(R) 

Area contained between the 
curve y 2 (a - x) = x 2 (a + x) 
and its asymptotes is 

3. 


(S) 

The area enclosed by the 
parabola ay = 3 (a 2 - x 2 )and 
the x-axis is 

4. 

4 2 
— a 

3 


Codes : 


PQRS PQRS 

(a) 1 2 3 4 (b) 3 4 2 1 

(c) 3 1 2 4 (d) 3 4 1 2 


18. Match the following. 


Column I 

Column II 

(p) 


[--- dx 

' sin x-cos x 

1. 

tan x (tan 2 x) + C 

(Q) 

J 

sin(2x) 7 

4 dx 

sin 4 x + cos 4 x 

2. 

dnx-ln(l + x)+ > 

1 lnx 

< 1 + X (l + x) 2 ; 

+ C 

(R) 


ln(l+l/x 2 ) 

\ £ dx 

] 2 1 

* 

X 

3. 

1 , (X 71^ ^ 

In tan-+C 

V2 U 8 J 

(S) 


f ln ’> 

(l + xf 

4. 

1 _1 x 2 -1 

/r tan /r +C 

V 2 xv 2 


Codes : 


PQRS PQRS 

(a) 3 4 1 2 (b) 3 1 2 4 

(c) 3 1 4 2 (d) 4 1 2 3 


19. Match the following. 


Column I 

Column II 

(p) 

f^-[(l + (x + 2) 

J x + 2 

ln(x + 2 )]dx 

1. 

sin 1 1 

f 2x + 3 

| + c 

l Vl7 J 


€> 


(Q) 

j 

r 7 ^ 

| sin x cos xdx 

2. 

x 4 x 2 1 , . 2 

-1—ln(x + 1) + c 

4 2 2 

(R) 

j 

j* dx 

V 2 - 3x - x 2 

3. 

e x ln(x + 2) + c 

(S) 

j 

[ f * 

x +1 

4. 

• 3 -5 

sin x sin x 

-he 

3 5 


Codes : 


PQRS PQRS 

(a) 3 4 1 2 (b) 4 1 2 3 

(c) 1 2 3 4 (d) 3 1 2 4 


20. Match the following. 


Column I 

Column II 

(p) 

TLi 

J 

( 

a 

r cosx dx 

1. 

2 H) 

' (l + sinx)(2 + sinx) 

(Q) 

4171/4 

J | COS x | dx 

0 

2. 

ln4 - ln3 

(R) 

1 

J 

0 

ln(l - x) 

- dx 

X 

3. 

20 H— 7 = 
v2 

(S) 

e 

| | In x | dx 

He 

4. 

7T 2 

6 


Codes : 



p 

Q R 

S 

P Q 

R 

S 



(a) 2 

3 4 

1 

(b) 1 2 

3 

4 



(c) 3 

4 1 

2 

(d) 2 1 

3 

4 


ANSWERS KEY 





Pa per-1 




1 . 

(a, c) 

2. 

(c) 

3. (a, d) 


4. 

(a, b, c) 

5. 

(a, b, d) 6. 

(c, d) 7. (a, b, d) 

8. 

(b, d) 

9. 

(c) 

10. 

(c) 

11. (7) 


12. 

(1) 

13. 

(3) 

14. 

(5) 

15. (3) 


16. 

(1) 

17. 

(2) 

18. 

(4) 

19. (1) 


20. 

(1) 





Paper-11 




1 . 

(b) 

2. 

(a) 

3. (b) 


4. 

(c) 

5. 

(b) 

6. 

(a) 

7. (d) 


8. 

(d) 

9. 

(c) 

10. 

(a) 

11. (a) 


12. 

(d) 

13. 

(a) 

14. 

(a) 

15. (b) 


16. 

(a) 

17. 

(b) 

18. 

(c) 

19. (a) 


20. 

(a) 


For detailed solution to the Sample Paper, 
visit our website : www.vidyalankar.org 

<$><$> 
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MOCK TEST PAPER 


Series-5 

Time: 1 hr 15 min. 


The entire syllabus of Mathematics of JEE MAIN is being divided into eight units, on each unit there will be a Mock 
Test Paper (MTP) which will be published in the subsequent issues. The syllabus for module break-up is given below: 

Unit 

No.5 

Topic 

Syllabus In Detail 


Differential 

calculus 

Functions, Limits, continuity & differentiability. 

Statistics & 
Probability 

Measures of Dispersion: Calculation of mean, median, mode of grouped and ungrouped 
data, calculation of standard deviation, variance and mean deviation for grouped 
and ungrouped data. 

Probability: Probability of an event, addition and multiplication theorems of probability. 

Co-ordinate 

geometry-3D 

Coordinate axes and coordinate planes in three dimension. Coordinate of a point. 
Distance between two points and section formula. 


1. The domain of sin 1 [2x 2 - 5] where [•] represents 
greatest integer function, is 


(a) 

(c) 




(d) none of these 


2 . 


3. 


The range of/(x) = 
(a) [1300, 1400] 
(c) {0,4224} 


(15 - x) C( 2 ,-i) + (20 - 3x) C (4;c _ 5) is 

(b) {650, 1122} 

(d) none of these 


Iff: [-15,15] -^.Rdefinedby f(x) = 


sin x + cos * 


(where [•] denotes G.I.F.) is an even function then 
set of values of a is given by 
(a) (225, 00 ) (b) R 

(c) (0, 225) (d) <|> 


4. If f(x) = cos(logv) then the value of 


„ N N i 

( X > 


fix)fiy)-~ 

/ - 

+ f(xy) 

2 

L \y) 




(a) x 2 


(b) x 2 + ' 

lx + 1 


(c) 0 


(d) x + 1 


5. 

Assume / is 

differentiable function satisfying 


fix + y) = fix) 

+ /0) 

+ xy and 

lim- /(/l) =3 then 


fi D = 



o h 


(a) 5/2 (b) 

7/2 

(c) -5/2 

(d) -7/2 

6. 

lim ■’Vr 2 

-iy- 

x) 2 



X—>0 / / 


_\3 



\^8xy-4x 

'8 xy ) 



(a) ^ 


(b) — 



512 


128 



(c) — 

64 


(d) none 

of these 

7. 

.. cos(sinx)- 
hlTL 

-cosx 









(a) 1/3 


(b) 1/6 



(c) 1/2 


(d) none 

of these 

8. 

lim2[2 + x] = 

([•] represents G. 

I.F.) 


X—>1 





(a) 6 


(b) 4 



(c) 2 


(d) does 

not exist 


By : Sankar Ghosh, S.G.M.C, Mob : 09831244397. 
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tanfe 2 ] x 4 -tan[-e 2 lx 4 r , n 

9. lim---= [ where [■] is G.I.F.] 

*->0 sin 4 x 


(a) 0 (b) 15 (c) 8 

l 


.Ml* —3 


10. lim<l + xH- f 

x — >0 L X J 

. 5x 2 - fix) 

in x, then lim- f -= 

*->o x 2 

(b) -1 (c) 4 

l/x 


(d) 7 

e* where/(x) is a polynomial 


16. f(x)-- 


sin{cosx} n 

-^ — 

n 2 

x - 

2 

1, 


where {•} represents the 


n 

x = — 
2 


(a) 5 

11. Let f(x) = < 


(d) 3 


( n 

tan —+ x 

U 


, x^O 


then the value 


k, x = 0 


fractional part function, then fix) is 

(a) continuous at x = nl2 

(b) lim fix) exists, but / is not continuous at 
x —>tc/2 

71 

x = — 

2 

(c) lim fix) does not exist 

X —>7l/2 

(d) lim fix) = -1 


x —> jc/2 


+" 


of k such that fix) hold continuity at x = 0 

(a) e (b) e~ 2 

(c) e 2 (d) none of these 


17. If x x and x 2 are means of two distribution such that 
x x < x 2 and x is the mean of the joint distribution 
then 




l 

<N 

X 

3 

x-21 

_ > x<2 

, . _ Xj+X 2 

(a) x = — - - 



(b) 

X 

>x 2 




2 + x ■ 

-x 2 

2 







If 

II 

'h 

b. 

x = 2 is continuous at 

(c) X 2 <Xj 



(d) 

*1 

<x <x 2 




x — [x] 


18. If S.D. of a variate 

x is 1 

a then 

the S.D. 



. x-2 

, x>2 

aX+b M U „ 

(V a, b,p 

E 

I?) is 





X = 

2, then 



P 







(a) 

a - 1, 

b - 2 

a 

11 

3- 

11 

a 

a 


(c) 

t) 

(d) 


(c) 

a = 2, 

b - 1 

(d) a = = 2 

(a) -a (b) 

P 

P 


£_ 

a 

-*x 

a 


13. Let fix) - | [x] x| for -1 < x < 2 then fix) is 

(a) discontinuous at x = 0 

(b) differentiable at x = 1 

(c) not differentiable at x = 2 

(d) differentiable at x = 2 

I x + 21 


19. If a variate assumes the values 0, 1, 2, n with 

frequencies ^C 0 , n Cp n C 2 ,..., n C n then mean square 
deviation about the value x = 0 is 
77(77 - 1 ) 


14. /(x) = 


tan l {x + 2) 


then which is not true? 


(a) 

(c) 


2 

77(77 + 1 ) 


(b) 

(d) 


n 2 in- 1) 
4 

nin +1) 


(a) lim fix) = lim fix) 

x —2"*" x —>—2 

(b) lim fix) = 1 
x->-2 + 


(c) /is continuous except at x = -2 

(d) / is non differentiable at x = -2 


15. fix) = 


216*-27*-8*+1 

V2 — yj 1 + COS X 


, Vx ^ 0 


X at x = 0 

is continuous at x = 0. If X = Va log 2 • log 3, then 
the value of a is 


(a) 1547 (b) 1152 

(c) 2352 (d) 2592 


20. Let r be the range of n (V n > 1) observations 




X(*,-x) 2 


X\y x 2 ,....,; 

S 

i =1 

then 

«-i 

(a) S<r^ 

n 2 + 1 

(b) S>r^J 

1 n 

77 — 1 

77 — 1 

I - 

(c) S = r^j 

1 n 

77-1 

(d) S<r^ 

1 n 

77 — 1 


21. From a set of 40 cards numbered 1 to 40, 5 cards 
drawn at random and arranged in ascending order 
of magnitude X\ < x 2 < x 3 < x 4 < x 5 . The probability 
that x 3 = 24 is 


0 
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(a) 

(c) 


16 / ^ 
U 2 



16^ v 23^ 


40, 


c. 


(b) 



40 ^ 

U 5 


(d) none of these 


22. If a G [-6, 12], then the probability that graph of 
y - x 2 + 2(a + 4) x + (3a + 40) is strictly below x-axis 
is 

(a) 2/3 (b) 1/3 

(c) 1/2 (d) none of these 


23. A and B are two events such that P(A u P) = - 

11 ^ 
and P(A n B) = -, if P(B C ) = - , then events are 
3 2 


(a) independent (b) mutually exclusive 

(c) disjoint (d) none of these 

24. The probability that Ram will alive 30 years hence 

7 7 

is — and Shyam will be alive is — . What is the 
11 10 


probability that both Ram and Shyam will be dead 
30 years hence? 


(a) 

(c) 


1 

11 

2 

121 



(d) none of these 


25. In a group of 20 males and 5 females, 10 males and 
3 females are service holders. The probability that 
a person selected at random from the group, is a 
service holder, given that the selected person is a 
male, is 

(a) 1/2 (b) 2/3 (c) 2/5 (d) 3/5 


26. The points (4, -5, 1), (3, -4, 0), (6, -7, 3), (7, -8, 4) 
are vertices of a 

(a) square (b) parallelogram 

(c) rectangle (d) rhombus 


27. The plane ax + by + cz- 3 = 0 meets the co-ordinate 
axes in A, B, C. The centroid of the triangle is 


(a) (3a, 3b, 3c) 


<0 

\3 3 3 


(b) ("’!■" 

\a b c 

(d) f 1 ’? 1 

\a b c 


28. Ratio in which the xy-plane divides the join of 
(1,2, 3) and (4, 2, 1) is 
(a) 3:1 internally (b) 3 : 1 externally 

(c) 1:2 internally (d) 2 : 1 externally 


29. If P(3, 2, -4), Q(5, 4, -6), and R( 9, 8, -10) are 
collinear, then R divides PQ in the ratio 
(a) 3:2 internally (b) 3 : 2 externally 

(c) 2:1 internally (d) 2 : 1 externally 


30. A(3, 2, 0), P(5, 3, 2) and C(-9, 6, -3) are the vertices 
of a triangle ARC. If the bisector of ABAC meets BC 
at D then co-ordinates of D are 

19 57 17 
8 16 5 16 


, v , 19 57 17 
(a) —,— ,— 

8 16 16 


(b) 


(0 " 

8 16 16 


(d) none of these 


SOLUTIONS 


1. (c) : --<sin _1 [2x 2 -5]<- — 1 < [2 jc 2 — 5] < 1 

2 2 


-l<2x -5<2 


2 < x 2 < - 


4 < 2x < 7 


V 2 < I x I < 


|x|>V 2 and |x|< J— 
v 2 

x<—j2(Jx>\f2 and - < x < 


2. (b) : Here f(x)= 15 ~ x C 2x _ 1 + 20 - 3x C A 


■ y 4x-5 -(i) 

The function will be defined if 15 - x > 0 and 2x - 1 > 0 
1 


x < 15 and x > - 

2 16 1 
Also, 15-x>2x-l =>x< — = 5- 

3 3 

20 2 5 

And 20 — 3x>0 => x< — = 6 — ;4x — 5>0=>x> — 

3 3 4 

Also, 20 - 3x > 4x - 5 => x< — = 3- 

7 7 

Here, 15 - x is an integer. So, x must be an integer. 
5 25 

— < x < — and x g N or I + 

4 7 


1— < x < 3 — 
4 7 


x = 2,3 


Now from (i), we get 

/(2) = 13 C 3 + 14 C 3 = 650 and 
/(3) = 12 C 5 + n C 7 = 1122 
Thus the range of/(x) is {650, 1122}. 

2 


3. (a) : Here f( x ) = 

2 


X 

L a J 


function if 


x 

L a J 


= 0 


sinx + cosx will be even 
2 
a 


0 < — <1 
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v xe[—15,15] 0 < x 2 <225 => 0< —< — 

Clearly a > 225. 

4. (c) : We have, fix) • fiy) ~ |+ fixy) 


= cos(log x) cos(log y) - - 



f 

( W 

X 

COS 

log 



V 

<y )> 


+ cos(log(xy)) 


1 


= cos(log x) cos(log y) — (cos(log x - log y) 

+ cos(logx + logy)) 

= cos(log x) cos(log y) - - (2 cos(log x) cos(log y)) 

= cos(logx) cos(logy) - cos(logx) cos(logy) = 0 
5. (b) : Given that /is differentiable 
/(x + h)-/(x) 


.\ f\x) = lim 
h^O 


h 


_ j. /(x) + f(h) + xh- /(x) _ j. f(h) + x/z 
/z^O /z /z^O /z 

= lim + x /'(x) = 3 + x = 3 + * 

/z—>0 /z dx 9 

X 

=> J df(x) = 3j dx + Jxdx => /(x) = 3x + —+ c 
=> c = 0 (As /(0) = 0) 

/(*) = 3x + y => /(1) = ^ 


6. (b) : lim 


xy 


■\j2xy- 


x^O 


x 2 (^JSy-Ax+^fSy) 
yj2y -x T2()') 3/2 




= lim - _ _ 

( 2 Vs 7) 3 8 X ( 8) 3 ' 2 128 

7. (b) 

8. (d) : lim 2[2 + x] = lim (4 + 2[x]) 

x-»l x—>1 

[\* [x + tz] = n + [x], when n is an integer] 

Now, L.H.L = lim (4 + 2 [x]) = 4 + 0 = 4 

x—^1 _ 

and R.H.L. = lim (4 + 2[x]) = 4 + 2 = 6 

x^l + 

L.H.L ^ R.H.L Limit does not exist. 


9. (b) : lim 

x—>0 


tan[e 2 ] x 4 - tan[-e 2 ]x 4 


. 4 
sin x 


, tan 7x 4 - tan(-8)x 4 _ 

= lim---= lim 


tan7x 4 + tan8x 4 


x—>0 


. 4 
sin x 


x—>0 


. 4 
sin x 


tan7x 4 „tan8x 4 
7 lim-— + 8 lim 


x->0 7x 


x—>0 8x 


. 4 

sin x 


- = 15 


lim 

x—>0 x q 


fix) 


10. (d) : Given that lim l + x + 

x—>0 \ X 

.. If /(*) 

lim - x+ J 
„x^0X\ x 


1/x 


-e 


= e 3 ]im I( x+ /(f)| = 3 


lim 

x->0 


l + MU 


x^OXV x 

Ik&i 

x^0 x Z 


Now, lim — =/W =5 -i im /M =5 -2 = 3 


x^0 % x->0 x 

11. (c) : Given that/(x) is a continuous function, 

\l/x 

-xll =k 


therefore lim tan — + . 

\l/x 


Let A = | tan | — + x 


log A = — log tan (— + x 
x l 4 


A (n 

lim (log A) = lim — log tan — + x 

X— >0 X— >0 X \4 

log ( lim A ] = lim — [log(l + tan x) - log(l - tan x)] = 2 

vx—^0 J x —^0 X 

/ / \\l/x 

2 _ u„ L[ K , .. II _2 


lim A = e 

X —>0 


lim tan — + x 
x—>0 v v4 

By the problem, k - e 2 

12. (b) : The function can be redefined as 

a , ifx<2 

/(x) = < b, if x = 2 

1, ifx>2 

[since in the neighbourhood of 2 on left side 
| x 2 - x - 21 = -(x 2 - x - 2) and x - [x] = x - 2 if x e (2,3)] 
/(x) is continuous at x = 2 => a = b = 1 
-x, -l<x<0 
0, 0<x<l 
x, l<x<2 
2x, 2<x<3 


13. (c) : /(x) = 


Now, lim /(x) = 0, lim /(x) = 0, /(0) = 0 
x—>0 - x—>0 + 

Therefore /(x) is continuous at x = 0 
Again lim /(x) = 0, lim /(x) = lim x = 1 

x—>1“ x— > 1 + X—>1 

/(x) is discontinuous at x = 1 and so non 
differentiable at x = 1 


0 
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Again lim /(x) = 2, lim /(x) = 4 = /(2) 
x —>2 x —>2 

/ is discontinuous at x = 2, so non-differentiable 
at x = 2. 

|x + 2| 


14. (a) : The given function is f(x) = 
\x + 2\ 


lim 


- = lim 


tan l (x + 2) 

x + 2 i 


x—>-2 + tan X (x + 2) *->-2 + tan *(x + 2) 


| x + 21 


and lim 

x^-2“ tan x (x + 2) 


i, x + 2 

= - lim —- 

x^-2~ tan _1 (x + 2) 


= -l 


Therefore lim 


\x + 2\ - |x + 2| 

- ! —^ lim —- 1 — 

2 + tan l (x + 2) *->-2“ tan l (x + 2) 


15. (d) : As /(x) is continuous at x = 0. 

/(0) = RHL = X 

. 216^ —27^ —8^+1 

X = lim /(0 +h) = lim — -r= - , - 

/z->0 h —> 0 V2-yl + cos/z 


= lim 


(8^ -l)(27 /z -1)(V2 + ^1 + cos h ) 

^ > 0 (yjl-yjl + cos ft) (V 2 + ^1 + cos ft) 
log 8 • log 27 x 2V 2 9 (log 2 log 3) x 2V 2 


lim 

/i-»0 


2sin /i/2 


h 2 


= 36 V 2 log 2- log 3 = Va log 2- log 3 => a = 2592 
16. (c) : We have, /(x) = < 


sin{cos x} n 

j X 

n 2 


n 

x = — 
2 


Now, lim /(*)=limf!‘S^)=-l 
K h^>0 v h ) 


x^>- 


X — Xi =- 


2 


« 2 +«i 

x - x x > 0 as x 2 > x± 


-(i) 


Similarly, x - x 2 = ——— (xi - x 2 ) 

«2 +n l 

=> x-x 2 <0 as x 2 >x 1 ...(ii) 

(i) and (ii) => x x <x <x 2 

ax + b _ ax+ b 
18. (b): Let y = - •*. y =- 

1 ^ ^ 2 
Now, y-y = — a(x-x) => (y-j/)' = — (x-x) 


1 ^ , —,2 «r 1 _, —,2 




a 

S.D. of x = 

a 

P 


P 


S.D.of>' = 


19. (c) : Mean of the distribution is 


x = 


0 • "Cq +1 • n C l + 2 ■ n C 2 +... + »■ _ r=0 


I r ”C r 


f! C 0 + ”C 1 + ... + ”C„ 


n-2”- 1 n 


2 ” 2 
n 


vVgain, 1 ^ \ I r 2 "C r [ whe re N = I / ] 

iv ;-i 2 r =o 


i=i 


n(n + l)2^ 2 n(n + l) 


20. (a) : Here range = r = largest value - smallest value 
= Max | X; - Xj | (i ^ j) 

And S 2 = —(x f - x) 2 




_ ^ 

Now, (x- - x) = 


x 1 +x 2 +... + x w 


l2 


sin(l - sin ft) 

And lim /(x)= lim ---^ -1 

7T+ fc->0 ft 

=^> lim /(x) does not exist. 

X—>7t/2 

17. (d) : Let x x and x 2 are the arithmetic means of two 
distributions respectively with n x and n 2 observations. 

_ t i 1.1 - niXi+n 9 x 7 

Now the combined mean x = ——- 

_ _ ru . . "l + "2 


= 2- [(*. - Xj) + (X; - x 2 ) +... + (Xj - X„)f 

n 

= 2j[(x i -X i ) + (X; - X 2 ) + ... + (X; - x ; _j) + (x ; - X; +1 ) + 

" .... + (*, - x n .) 2 ] 


^2. 1 


(x ; -x) <— [(n-l)r] (v |x ; -x | <r) 
n 

i2 


1 ^ , —,2 - 1 


-'E(x i -x) <- 


w-1 “ ! y n 2 (n — l) 


I[(«-Dr] 2 


(summing up and dividing by (n - 1) both sides) 


II, 2 ^ — 1 2 ^ 2 

- n(n-lfr =-r 2 <-r 

n n -1 n n-1 


.* Vn>l,n> — 

n 
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Therefore S 2 < • r 2 * or S<rJ—^— 

n-l V n-l 

21. (c) : Five numbers can be drawn from 40 numbers 
in 40 c 5 ways, therefore total number of exhaustive 
cases = 40 C 5 . 

We want that x 3 = 24. 

The number of favourable cases are 23 C 2 x 16 C 2 
23c x 16 C 

Required probability =- jz - 2 


22. (c) : The total length of the interval = 12 - (-6) = 18. 
If graph of y = x 2 + 2(a + 4)x + (3 a + 40) is entirely 
below x-axis, the value of the discriminant of the above 
quadratic expression must be negative 

.*. 4(a + 4) 2 - 4 • 1 • (3 a + 40) < 0 

=> a 2 + 5a - 24 < 0 => (a + 8)(a - 3) < 0 
=> -8 < a < 3 

But a e [-6, 12]. -6 < a < 3 for event to happen. 

Length of interval = 3 - (-6) = 9 

9 _ 1 

Hence, the required probability = — - — 

18 2 

23. (d): Given, P(AvB) = -,P(AnB) = -,P(B c ) = - 

6 3 2 

P(Au£) = - => P{A) + P{B)-P(AnB) = - 

6 6 

=* P(A) + t-t = 2 =* P(A) = 3 

2 3 6 3 

Again P(A)xP(B) = -x- = - = P(AnB) 

3 2 3 

P(A)xP(B) = P(AnB) 


24. (b) : Let fq and E 2 are two events that Ram and 
Shyam will alive 30 years respectively. 

Given that P(E 1 ) = 2. => P(£[) = ^- 

andP(£,) = — p(e c A = — 

2 10 2 10 

P(£, c nE c A = P(£f) P(Ej) = — x — = — 

12 1 2 11 10 110 


25. (a) : Let M be the event that the selected person is 
a male and 5 be the event that the selected person is a 
service holder. 

Out of 10 service holder men 1 may be selected in 
l0 Ci = 10 ways. 

So, total number of cases favourable to the event S | 
M is 10 and total number of exhaustive cases is 20. 

Hence, the required probability P(S \ M) = — = - 


26. (b) : Let A(4, -5, 1), 5(3, -4, 0) and C(6, -7, 3) and 
D(7, -8, 4) 

AB = ^/l + 1 + 1 = V3, BC = ^9 + 9 + 9 = 3VI, 

cd = VTTTTT=Vi, ad = ^9 + 9 + 9 = 3 V 3 , 

AC = ^4 + 4 + 4 = 2 V 3 , BD = ^16 + 16 + 16 = 4Vi 


Here, A5 = CD, BC = AD But AC ^ BD 

Now, midpoint of AC is (5, -6, 2) 

And midpoint of BD is (5, -6, 2) 

As midpoint of AC =Midpoint of BD 
ABCD is a parallelogram. 

27. (d) : As plane meets co-ordinate axes at 

^(a’ 0 ’ 0 )’ ) and C ( 0,0 ’ 2 ) 


Centroid G| —, — 
a b c 


28. (b) : Suppose xy-plane divides the join of (1, 2, 3) 
and (4, 2, 1) in the ratio X : 1. Then the coordinates 

r 1 . r j- • • f4A/ + 1 27.+ 2 X + 3^\ 

ot the point ot division are -,-,- 

F (,X + 1 X + l X + l J 

This point lies on xy-plane. 

A/ + 3 

So, ^-coordinate = 0 => -= 0 => X = -3 

X + l 

Hence, xy-plane divides the join of point (1, 2, 3)and 
(4, 2, 1) externally in the ratio 3:1. 

29. (b) : Let R divides PQ in ratio X : 1 
Then coordinates of R given by 

' 5X + 3 4X + 2 -6X-4^ 

X + 1 X + 1 X + l 

V 7 

But given that R has coordinates (9, 8, -10) 

5?i + 3 

Comparing x-coordinate, we get -= 9 

X + 1 

=> 5X + 3 = 9X + 9 4X = -6 ^ X = — 

2 

Thus, R divides PQ in the ratio 3 : 2 externally. 

30. (a) : D divides BC in the ratio AB : AC i.e. 3 : 13 
Therefore coordinates of D are 


3x(-9)+ 13x5 3x6 + 13x3 3x(-3) + 13x2 

3 + 13 ’ 3 + 13 ? 3 + 13 

(19 57 VA 

\ 8 5 16 5 16 J 


<$><$> 


© 
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1. 


2 . 


3. 


4. 


5. 


6 . 


7. 


Let a and b be distinct, randomly chosen roots 
of the equation z 210 -1 = 0. The probability that 

V 2 + V 3 < | a + b | is (approx.) 

(a) 0.16 (b) 0.24 (c) 0.33 (d) 0.45 

A bag contains 21 red balls and 21 black balls. We 
remove 2 balls at a time repeatedly and discard 
them if they are of the same colour, but if they are 
different then discard the black ball and return 
the red ball. The probability that this process will 
terminate with one red ball in the bag is 
(a) 0 (b) 0.5 (c) 1/3 (d) 1 

An exam consists of 3 problems selected randomly 
from a list of (2 n) problems [n e N, n > 1). For a 
student to pass, he needs to solve correctly atleast 
2 of the 3 problems. Knowing that a certain 
student knows how to solve exactly half of the (2 n) 
problems, the probability that the student will pass 
the exam is 

(a) 0 (b) 0.5 (c) 1/3 (d) 1 


The probability that in the process of repeatedly 
flipping a coin, one will get a run of 5 heads before 
one gets a run of 2 tails is 






A coin of diameter d is thrown randomly on a floor 
tiled with squares of side s. Two players bet that coin 
will land on exactly one or more than one square. If 
the game is to be fair, then d/s = 


(a) 1- 


1 

Ti 


(b) 2- 


1 

Ti 


(c) 1- 


2\fl 


(d) 2- 


2V2 


A coin is tossed 6 times. The probability that 2 
heads will turn up in succession somewhere in the 
sequence is 


(a) — 
64 


( b, “ 
64 


(«> « 

64 


44 

(d) s 

64 


20 chairs are set in a row. 5 people randomly sit on 
the chairs. The probability that nobody is sitting 
next to anybody else is 


8 . 


9. 


, x 91 
(a) 

323 


<b>£ 

331 


72 

(c) - 

314 


<d) ii 

315 


Select numbers a and b between 0 and 1 
independently and at random, and let c be their 
sum. Let A, B and C be the results when a , b and 
c respectively are rounded to the nearest integer 
(Assume that 1/2 is rounded to 1 and similarly 
n + 1/2 is rounded to n + 1 for all positive integers 
n). Then probability that A + B = C is 
(a) 1/2 (b) 1/3 (c) 3/4 (d) 4/5 


10 points in the plane are given, with no 3 collinear. 
4 distinct segments joining pairs of these points are 
chosen at random, all such segments being equally 
likely. The probability that some 3 of the segments 
form a triangle whose vertices are among the 10 

given points is ^ where X = 

C 4 

(a) 5040 (b) 4020 (c) 2010 (d) 4030 


10. Each face of a cube is painted either red or blue, 
each with probability 1/2. The colour of each face is 
determined independently. The probability that the 
painted cube can be placed on a horizontal surface 
so that that 4 vertical faces are all of the same colour is 
(a) 2/16 (b) 3/16 (c) 4/16 (d) 5/16 


11. 40 slips are placed in a hat, each having a number 
1, 2, 3, 4, 5, ...., 10 with each number entered on 
4 slips. Four slips are drawn at random without 
replacement from the hat. The probability that two 
of the slips have a number a and the other two have 

X • 

a number b,b^ a, is -- where X = 

40- 

(a) 30 (b) 20 (c) 36 (d) 25 


12. 25 persons are seated at a round table. All choices 
being equally likely, a team of 3 persons are chosen. 
The probability that atleast two of the three had 
been sitting next to each other is 
(a) 11/46 (b) 12/46 (c) 13/46 (d) 14/46 


By : Tapas Kr. Yogi, Visakhapatnam, Mob : 09533632105 
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13. Three players A, B , C take turns to roll a dice in 
the order ABC , ABC, A... . Each player drops out 
of the game immediately upon throwing a six. The 
probability that A is the 2 nd player to roll a six is 


300 300 , , 320 

- (b) - (c) - 

1001 2001 1001 


(d) 


320 

2001 


14. A plant gets two independent genes for flower colour, 
one from each plant. If the genes are identical, then 
the flowers are uniformly of that colour. If they are 
different, then the flowers are striped in those two 
colours. The genes for the colours pink, crimson 
and red occur in the population in the ratio of 
p : q: r where p + q + r = l.A given plants parent 
are selected at random. Let A be the event that its 
flowers are atleast partly pink, and let B be the event 
that its flowers are striped then 

(a) P(A) = 1 - (1 + p) 2 

(b) P{B) = 2 (pq + pr ) 

(c) P(A) = l-^p-tj (d) P(B) = 2{pq + pr + qr) 

15. You enter a betting game with ? m and on each 
spin of a wheel, you bet ^ 1 at evens on the event 
E that the result is red. The wheel is not fair. So, 
P(E) = p < 1/2. If you lose all ? m, you leave; and if 
ever have n> m, you choose to leave immediately. 
The probability that you leave with nothing is 


(a) 

X n -X m 

(b) 

x n -x m 

r-1 

X m -\ 

(c) 

x n -x m 

(d) 

x n -x m 

r+i 

X m + \ 

where A- = 

P 




SOLUTIONS 


1 . (a) : As all the 210 roots of the equation are 
symmetrically distributed in the complex plane, we 
can assume a - 1 without loosing generality. So, the 
given condition becomes 

|1 + b\ 2 = |1 + cos 0 + zsin 0| 2 = 2 + 2 cos 0 > 2 + V3 
i.e., cos 0 ^ —— i.e., 101 < K 


6 

As b ^ 1, 0 is of the form ± 


2kn 

210 


where ke 


1, 


210 

12 


= [1,17] 


There are 2 x 17 = 34 such angles. 

34 

So, the required probability = -0.16 


0 
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2. (d) : As at'least one ball is removed during each 
stage, the process will eventually end with either no 
ball or one ball. Because red balls are odd in number 
at start and we remove 2 at a time, the number of red 
balls at any time is odd. Hence the process will always 
leave red balls in the bag. So, it ends with exactly 1 red 
ball. Hence, the required probability is 1. 

3. (b) : Define the event E t as the student solves 
correctly exactly i of the 3 proposed problems, i = 0, 
1 , 2, 3. The required probability event E - E 2 u P 3 
and P(E) = P(E 2 ) + P(P 3 ) as E 2 and P 3 are mutually 
exclusive events. Because the student knows how to solve 
exactly half of all the problems. So, P(P 0 ) = P(P 3 ) and 
P(E X ) = P(E 2 ) and P(P 0 ) + P(E X ) + P(P 2 ) + P(P 3 ) = 1 
Hence, P(E) = 1/2 


4. (c) : Let us call 'a successful sequence' a sequence 
of H and T in which HHHHH appears before TT does. 
Each successful sequence must belong to one of the 
3 types. 

(i) Those beginning with T, followed by a successful 
sequence that begins with H. 

(ii) Those beginning with H, HH, HHH and HHHH, 
followed by a successful sequence that begins with T. 

(iii) The sequence HHHHH. 

Let Ph denote the probability of obtaining a successful 
sequence that begins with H and similarly define P T . 

Then, Pit = [ —i-1-1- I Pr H- and Pr = — Ptt 

n U 4 8 16 ) 1 32 1 2 n 

Solving ,P H= ±,P r = ± ^ 

Hence, the required probability = — 


5. (a) : For the coin to lie entirely 
on that tile, its centre must fall 
inside the dotted square of side 

length, s — 2~ = s — d 

This happens with probability 
(s-d) 2 



For the fair game, - = ^ 


TT d 1 

Hence, — = 1— 7 =. 
5 v2 


6. (c) : Let P n be the probability that no consecutive 

heads appear in n throws. Then 
_ 1 1 


-P n -i+--P„-2 withPj: 


a p? 


3 C D 21 

- • So, P 6 = — 

4 6 64 


21 

Hence, required probability = 1 - — 


43 

64 


























7. (a) : Total number of cases = no. of solutions in 

non-negative integers to + x 2 + ... + x 6 = 15) 
= 20 C 5 

And favourable number of cases 
= no. of positive solutions to y\ + x 2 + x 3 + x 4 + x 5 + y 6 
= 17 = 16 C 5 , where y 1 = x 1 + 1, y 6 = x 6 + 1 


16 


C, 


Hence, required probability = 2Q 5 = 


91 


8. (c):A: 


0 if a < -, 
2 

1 if a > — y 
2 


B-- 


0 if b< — 
2 

1 if b > i 
2 


C = i 


0, if a + < - 
2 

n -r 1 / 7 3 

1, if-<a + £><- 

2 2 

3 

2, if a + b > - 



A + B = C is only in the 
shaded region. 

11113 

—I-1-1— — — 

4 8 8 4 4 

(a) : Total line segments = 10 C 2 = 45 


So, required probability = 


9. 

So, 45 C 4 ways of choosing 4 segments. 

To count the number of ways of choosing 4 segments 

such that 3 of them form a triangle. Among the 10 

points there are 10 C 3 =120 ways of choosing 3 vertices 

to form a triangle. There are 45 possible line segments, 

and we have already chosen three, so there are 42 ways 

of choosing the 4 th segment. 

So, total = 120 x 42 = 5040 ways. 

1 5040 

So, required probability = — 


d C a 


2 6 


10. (d) : Total number of ways 
Favourable number of ways : 

0 red faces —» no. of cubes possible = 1 with all four 
vertical faces same colour (blue) 

1 red face —» 6 cubes possible 

2 red face —> 3 cubes possible 

3 red face —» 0 cubes possible 

4 red face —» 3 cubes possible (equivalent of 2 red faces) 

5 red face —> 6 cubes possible 

6 red face —» 1 cube possible 

ill 1 + 6 + 3 + 0 + 3 + 6 +1 5 

.*. Required probability =---= — 

2 6 16 


11. (c) : Total ways = 40 C 4 

Favourable ways = ( 10 C 2 ways of choosing a and b) 
x ( 4 C 2 ways of choosing a) x ( 4 C 2 ways of choosing b) 
So, required probability 

_ 10 C 2 x 4 C 2 x 4 C 2 _ 36 x 10 C 2 

“ 4o 7 “ ioT 

r > 4 r > 4 


12. (a) : Total ways = 25 C 3 

Favourable ways = (25 x 21) ways to choose exactly 

2 adjacent persons + (25) ways to choose exactly 

3 adjacent persons 

o • J u u-w (25x21)+ (25) 11 

So, required probability = -—-= — 

13. (a) : Consider the sample space consisting of all 
sequences of length (3r + 1), (r > 0) using numbers 
1, 2, 3, 4, 5, 6. This represents (3r + 1) rolls of the die. 
So, total possible outcomes = 6 3r+ h 

Suppose A is the 2 nd player to roll a six on the 
(3r + l) th roll. Then his (r + 1) rolls include no six 
except his last roll. This can occur in 5 r ways. If B was 
first to roll a six, then his r rolls include any one roll 
of six = 6 r - 5 r ways. In this case, C rolled no six in r 
attempts = 5 r ways 

Hence A is second to B = 5 r • 5 r • (6 r - 5 r ) 

Similarly, A is second to C = 5 r • 5 r • (6 r - 5 r ) 


Hence, probability (P r ) = 


2 X5 r -5 r -(6 r -5 r ) 


6 3r+1 


So, required probability = ^P r = 

r=l 


300 

1001 


Note that in calculating the sample space, we have 
ignored the dropping out case, because it does not 
affect the respective chances of others to roll a six. 


14. (d) : Let P —> pink, C —» crimson, R —» red 
P(PP) = p-p =p 2 , P(RP) = r • p 

Hence, P(A) = P(PP u PR u RP u PC u CP) 

= p 2 + 2pr + 2pq = 1 - (1 - p) 2 
and P(P) = P(PC uPPu PC) = 2(pq + pr + rq) 

15. (a) : Let P m be the probability that you leave with 
nothing, then we form a recurssive relation for P m . 

Pm = P • Pm + 1 + (1 - P)Pm - l> 0 <m<n 

If m = 0, then you certainly leave with nothing = P 0 = 1 
and m = n, P n = 0 as you leave before betting 
Using these boundary conditions, we have 

P„, = ^, where x=l^ 
r-i p 


Notice that as n —» p m l. 
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1. In an equilateral triangle ABC (of side length 2) 
consider the incircle I. 

(a) Show that for all points P of I, 

PA 2 +PB 2 + PC 2 = 5. 

(b) Show that for all points P of I, it is possible to 
construct a triangle of sides PA, PB, PC, with 
area V3/4. 

2. The function/is defined on nonnegative integers 
by:/(0) = 0 and/(2n + 1) = 2f(n), for n > 0, 

f(2n) = 2 f(n) + 1 for n > 1. 

(a) Let g(n) = f(f(n)). Show that g(n - g(n)) = 0 
for all n > 0. 

(b) For any n > 1, let r(n) be the least integer r 
such that f r (n) = 0 (where f 2 {n) - 

/ 3 (n) =f{f 2 (n)), etc.). Compute lim inf—y--. 

o 2 r ^' 


3. Suppose that, for three consecutive years, a certain 
provincial government reduces what it spends 
annually on education. The percentage decreases 
year by year are a, b and c percent, where a, b, c are 
positive integers in arithmetic progression. Suppose 
also that the amounts (in dollars) the government 
spends on education during these same three years 
are three positive integers in harmonic progression. 
Find a, b and c. 


SOLUTIONS 


1. Take O as origin, with 
the x-axis parallel to BC 
and y-axis along OA. 
Then the incircle has 

radius r = 1/ V3 and A, 
B, C have coordinates 




A point on the incircle has coordinates parameterized 

1 

’Ti 


(a) Let c = cos 0, s = sin 0. Then AP 2 + BP 2 + CP 2 


—c 2 + -(2-s) 2 

+ 

-(c +V3) 2 +-(s + l) 2 

3 3 


3 3 


t(c-V3) 2 +t( s + l) 2 
.3 3 

= - [c 2 + 4 - 4s 2 + s 2 + c 2 + 2 a/3 c + 3 + s 2 + 2s 
3 r 

+ 1 -he 2 — 2'v3c+3 + s^ + 2s + 1 ] 

= - [3(c 2 + s 2 ) + 12] = 5 [v c 2 + s 2 = 1] 

3 

(b) Now, set x = AP = —V5-4s , 

V 3 



by 0, 0 < 0 < 271 given by P | ~j= cos ® 


y = BP = 
z= CP = 


1 

1 


^5 + 2s + 2^3c , and 
^5 +2s — 2^2>c . 


By reflection and rotational geometry the distances 
AP, BP, CP will be a permutation of those obtained 
when 71/6 < 0 < n/2, so that 1/ V3 < x < 1. Also 




y= Si 4 


1 V3 ^ 

— s-c 

2 2 , 


1 / 

f 7t ^ 

—. 5 + 4 cos 


>/3 V 

6 J 


so that V7 / V3 < y < V3 and 




z= sr 4 


1 V3 

— s-c 

2 2 


/ 




5 + 4 sin 0 


71 


so that V5/V3 <z< V7 / V3 . Thus 

1+V7 V 7 


+ T) min = 


V3 


>Zmax= s 


0 
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and (y + z) min = > *max = 1 

and (z + x) min = > y max = V3 , 

and x, y , z (z.e., AP, PP, CP) can form the sides 
of a triangle. 

From Heron's formula the area, P, of this triangle 
is given by 

F 2 = ^ (x + y + z) ^ (-x + y + z) • ^ (x - y + z) 


- (x + y - z) 


= — [(y + z ) 2 - x 2 ] [x 2 - (y - z) 2 ] 

16 

= — [ — (5 + 2s + 2 V3 c + 5 + 2s — 2 V3 c — 5 + 4s) 
16 3 

+ 2- - (5 + 2s + 2 V3 c) 1/2 (c + 2s - 2 V3 c) 1/2 ] x 
3 

[ - (5 - 4s - 5 - 2s - 2 V3 c - 5 - 2s + 2 V 3 c) 
3 

+ 2- -(5 + 2s + 2V3 c) 1/2 (5 + 2s - 2 V3 c) 1/2 ] 


48 L 


(5 + 8s) + 2a/(5 + 2s) 2 -12c 2 


-(5 + 8s) + 2^(5 + 2s) 2 -12c 2 


— [100 + 80s + 16s 2 - 48c 2 - 25 - 80s - 64s 2 ] 
48 

— [75 - 48] = — , since c 2 + s 2 = 1 

48 16 


Thus F = 3/4. 

2. (a) Most of the solution can be worked out suitably 
in binary notation. To prepare for this, we first 
prove the following lemma. 

Lemma : Let L(n) = n > 1, 

where [x] denotes the greatest integer < x. Then 

f(n) = L(n) - n - 1. 

Proof : Sincel + [log 2 (2n)] = [1 + log 2 (2n)] 
= [log 2 (4n)], we have 2 L(n) - L(2n). Furthermore, 
we claim that L(2n + 1) = L(2n). 

Suppose [log 2 (2n)] < [log 2 (2n + 1)]. Then letting 
[log 2 (2n)] = k, we have log 2 (2n) < k + 1 < log 2 (2n 
+ 1) which implies 2n < 2 k + 1 < 2n + 1 or n < 2 k < 
n + 1/2, clearly an impossibility. 


Since/(l) = 0 and L(l) = 2, f(n) = L(n) - n - 1 
holds for n = 1. Assume the formula holds up to 
2n - 1 for some n > 1. Then 
f(2n + 1) = 2f(n) = 2 L(n) - 2n - 2 

= L(2n) -2n-2 = L(2n + 1) - (2n + 1) - 1 
and f(2n) = 2f(n) + 1 = L(2n) - 2n - 1. 

This completes the proof of the lemma. 

Since ^(0) = /(/(0)) = /(0) = 0,g(0-g(0)) = 0. Assume 
henceforth that n > 1. The binary representation of 
n can be written in the form 

n= 1 ... 10 ... or ... *, 

s t u 

where each * is either 0 or 1, and s > 1, t, u > 0. Since 
L(n) - 1 is just a string of l's in binary notation, 
and since n +/(«) = L(n) - 1 by the lemma, we see 
that/acts on n by interchanging all l's and 0's in 
the binary expansion of n. In other words, 

f(n) = 1 ... 1 0*' ... *' 

t u 

where each *' is 1 - *• Thus, 


g(n) =/(/(«)) = 1* ... *; 

U 

i.e. y g(n) is the original final block of u digits in n. 
As a result, 

n - g(n) = 1 ... 1 0 ... 0 

5 t+u 

Since the last expression contains no final block of 
digits after the initial blocks of l's and 0's, we have 
g(n - g (n)) = 0 for all n> 1. 

(b) The answer is 2/3. To see this, it is necessary 
to examine more closely the blocks of binary digits 
of n. Since 


1 ... 1 0 ... 0 





if m is odd, 


if m is even, 


and since / always wipes out the leading block of 
l's, it is clear that r(n) = m. Since n has at least 
r(n) digits and 2 r ^ has 1 + r(n) digits, n/2 r ^ 
will exceed 1 unless n has exactly r(n) digits; i.e., 
unless n is in the sequence (in base 2) 1, 10, 101, 

1010, 10101,.So the limit inferior of n/2 r M is 

the limit of the sequence (in base 2) 
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1 10 101 

10 io 2 lo 3 

which is (in base 10) 

111 2 
- + - + — 

2 8 32 3 


3. The government spending in each year is given by: 
Year Spending 



Now a , b , c in arithmetic progression 
=> c = 2b - a, 

and A/p N v N 3 in harmonic progression 



1 

2 


K 


Cancelling the factor A/1 



in the denominators 


of the second equation yields 


b 

100 
1 + 


- = 1 + 


(' b \ 

f\ c ) 



l looj 

l looj 

1 



1- 


100 


1- 


2b-a 
100 


which implies 

^ ioo ) y ioo ) y ioo ) 

200(100 + a - 2b) = (100 - fe)(100 + a - 2b) + 10000, 
and thus (100 + a - 2b)(100 + b) = 10000. 

Since 1 < a, b < 99 we have 101 < 100 + b < 199, 
and the only (positive integer) factorization of 10000 
with one factor between 101 and 199 is 80 x 125. 
Hence 100 + b = 125 and 100 + a - 2b = 80, so 
b - 25, a - 30, c- 20. 

It may be of interest to note that a unique solution 
also exists in the case when N v N 2 and N 3 (the 


three annual amounts spent) are in arithmetic 
progression. Since in this case N 2 - N x = N 3 - N 2 

we have, again cancelling a factor of N 
throughout, 



A = 1 _A_ 1= 

100 100 



= 1 - 


2b-a 

ioo A ioo 

which implies 100b = (100 - b)(2b - a) 
and hence 2 b 2 - (100 + a)b + 100a = 0. 
For b to be rational we must have 


(100 + a) 2 - 4 • 2 • 100a = i 
for some integer fc, z.e., 

(300 - a) 2 - 80000 = k 2 . 


600a + 10000 = k 2 


...(i) 


As 1 < a < 99 and 300 - a > V80000 , a must be 
at most 17. Trial gives the only suitable value of 
a to be 15, whence 2 b 2 - 11 5b + 1500 = 0 and so 
b - 20 (being an integer) and c = 25. [Here is an 
alternative way to get a - 15. Since a > 1, from (i) 
we get k 2 < 299 2 - 80000 = 9401, so k < 96. 
Rewriting (i) as 

(300 -a- k)( 300 - a + k) = 80000, 

we see that we need to factor 80000 into two 


factors which differ by at most 192. The only such 
factorization is 80000 = 250 x 320, which yields 
k = 35 and a = 15.] 

.<$><$> 


Exam 
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JEE (Advanced) 2018 


The Joint Entrance Examination (Advanced) 2018 will be 
conducted by the NTs . The performance of a candidate 
in this examination will form the basis for admission to 
the Bachelor's, Integrated Master's and Dual Degree 
programs (entry at the 10+2 level) in all the NTs. The 
decisions of the JAB 2018 will be final in all matters 
related to JEE (Advanced) 2018 and admission to NTs. 
Candidates should be among the top 2,24,000 (including 
all categories) by scoring positive marks in Paper-1 of JEE 
(Main)-2018. 

Examination will be held on May 20, 2018. The entire 
JEE (Advanced) 2018 Examination will be conducted in 
fully computer based test mode. The exam consists of 
two papers, Paper 1 and Paper 2, each of three hours’ 
duration, and will be held in two sessions. Both the 
papers are compulsory. 

For more information visit www.jeeadv.ac.in 


0 


MATHEMATICS TODAY | NOVEMBER 17 

















MATH 

archives 



Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of 
JEE Main & Advanced Syllabus. This section is basically aimed at providing an extra insight and knowledge to the 
candidates preparing for JEE Main & Advanced. In every issue of MT, challenging problems are offered with detailed 
solution. The readers & comments and suggestions regarding the problems and solutions offered are always welcome. 


1 . 


2 . 


3. 


Two finite sets have m and n elements. The total 
number of subsets of first set is 56 more than the total 
number of subsets of the second set. Then (m, n) = 
(a) (7,6) (b) (6,3) (c) (5,1) (d) (8,7) 


If lim 

3 

x->e 


Jfloge *)~3]” 

log e {cos m [(log e X) — 3]J 


then n/m is equal to 
(a) 3 (b) 4 


(c) 9 


-1 (n, m E N) 

(d) 1 


The roots of the equation x 2 + 2 (a - 3)x + 9 lies 

between -6 and 1 then [a] = _, where [.] 

denotes greatest integer function, then 
(a) 3 (b) 6 (c) 12 (d) 19 


4. The total number of 6-digit numbers that are 
divisible by 5, is 

(a) 180000 (b) 540000 

(c) 5 x 10 5 (d) 200000 


5. Statement-I: ~ (p <-> ~ q) is equivalent topo^. 
Statement -II: ~ (p ++ ~ q) is a tautology. 

(a) Both (I) and (II) are true and (II) is correct 
explanation of (I). 

(b) Both (I) and (II) are true and (II) is not correct 
explanation of (I). 

(c) (I) is true but (II) is false. 

(d) (I) is false but (II) is true. 


6 . 


If a is the only real root of the equation 
x 3 + bx 2 + cx +1=0 (b < c ), then the value of 

-1 -if 1 } 

tan a + tan | — 
a 


is equal to 


(a) Till (b) -71/2 

(c) 0 (d) does not exist 


7. 


The letters of the word “ORIENTAL” are arranged 
in all possible ways, the chance that the consonants 
and vowels occur alternatively is 


(a) 


1 

70 


(c) h 


(b) 

(d) 


1_ 

35 

4 

35 


8. Two parabolas have the same focus at (3,2) and their 
directrices are the x-axis and y-axis respectively, 
then the slope of their common chord is 
(a) -1 (b) -1/2 



9. If lax + 3by + 4c = 0 is an equation of the line 
joining the extremities of a pair of semi-conjugate 

2 2 2 . i 2 

. r 1 n. X y i 1 a +b 

diameter of the ellipse — + — = 1, then--— = 

(a) 4/9 (b) 1 

(c) 8/9 (d) 16/9 

10. If/(x) = 4 - (6 - x) 2/3 in [5, 7], then on/(x) 

(a) Lagranges theorem is applicable 

(b) Rolles theorem is applicable 

(c) Lagranges and Rolles theorem are applicable 

(d) Lagranges and Rolles theorem are not applicable 


By : Prof. Shyam Bhushan, Director, Narayana NT Academy, Jamshedpur. Mob. : 09334870021 


MATHEMATICS TODAY | NOVEMBER 17 


0 








SOLUTIONS 


5. 


1. (b):2 m = 2”+56 

=> (m, n) = (6, 3) satisfies the equation. 

2 . (d) : Let In x - 3 = t 

lim---= -l (-form 

t->0 ln(cos m t) vO 

i. nt n ~ l 

=^> lim-= -l 

t->o -m tan £ 

=> n - 1 = 1 and -1 

^ m 

=^> n - m - 2. 

3. (b): A > 0, /(—6) > 0,/(l) > 0,-6 < a + ^ < 1 

2 

=> [a] = 6 

4. (a) : Required number of ways 

= 9 x 10 x 10 x 10 x 10 x 2 = 18000 


p 

q 

p^q 

~q 

p q 

~{p^~q) 

T 

T 

T 

F 

F 

T 

T 

F 

F 

T 

T 

F 

F 

T 

F 

F 

T 

F 

F 

F 

T 

T 

F 

T 


6. (b) :/(0) > 0,/(-l) < 0 => a lies between -1 and 0, 
tan _1 (l/a) = -n + cot _1 a 

7. (c) : n(S) = 8!, n(E) = 2(4!)(4!) 

8. (d): Let the focus be F and the parabolas intersect 
at P and Q. From P draw perpendiculars on the x-axis 
and y-axis at A and B respectively, then 

PA-PF = PB => P, Q lies on the line y - x 

9. (c) : 2 ax + 3by + 4c = 0 passes through 
(3cos0, 2sin0) and (-3sin0, 2cos0) 

10. (d) :/(5) ^/(7) and it is not differentiable at x = 6 

<»<$> 
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MUSING 


SOLUTION SET-178 


1. (d) : The given equation is 
(cos p - l)x 2 + (cos p)x + sinp = 0 

For this equation to have real roots, D > 0. Thus, 
cos 2 p - 4 sin p (cos p - 1) > 0 
or cos p - 4 sin p cos p + 4 sin p + 4 sin p - 4 sin p > 0 
or (cos p -2 sin p) 2 + 4 sinp (1 - sin p) > 0 
For every real value of p , we have 

(cos p -2 sin p) 2 > 0 and sin p (1 - sin p) > 0 
D > 0, V p e (0,71) 

2. (a) : Since angles of same A 

segment are equal 
.*. ZBED = ZBAD = A/2 

ZBEF = ZBCF = C/2 
Now, ZDEF = ZBEF + ZBED 


A + C 


= 90°- 


B 

2 


Similarly, ZDFE = 90° 
ZEDF- 


A 

90°- 

2 


C 
2 5 



1 f A 

Area of ADEF = - (DF)(DF) sin 90°- 

2 V 2 

= - (DE){DF) cos — 

2 2 


Circumradius of AABC and ADEF are equal. 
DE DF EE 


- — 2 R 

sin(90° -Cl 2) sin(90°-5/2) sin(90° - A / 2) 

DE = 2Fcos(C/2), DF = 2Fcos(5/2), EF = 2Fcos(A/2) 

1 

Area of A DEF=~ [2Fcos(C/2)[2Fcos(5/2)] cos(A/2)] 

„2 A 5 C 
= 2K cos — cos —cos — 


-2R Z 


s(s - a) s(s - b) s(s - c) 




ca 

2R 2 sA 


ba 


2R 2 sA 

abc 


Area of ADEF _ _ 2F s _ Rs _ R 

Area of A ABC A 4FA 2A 2r 


~ / j \ T . 71 1 . 271 1 . 371 

3. (a) • Let s = sin — + — sin-1--sin-b oo 

3 2 3 3 3 

71 1 271 1 371 

C = COS — + - COS-+ - COS-b.oo 

3 2 3 3 3 


71 . . 71 ] 1 [ 27C . . 271 

c + is = | cos — + z sin — + — cos-b z sin — 

3 3 / 2 v 3 3 


l( 3n 3n 

+ — COS-bZSin- |+.oo 

31 3 3 


in / in \ 2 / in \ 3 

--e*+-\e*l + -\eY +. 
2 3 


( 


\ 


~ — log 


l-e 


x 2 * 3 , „ J 

*.* V + — + — +.oo = - log(l - X) 


— — log| 1-1 cosy + zsin^ | |= -log 


2 ) 2 


-log 


2 1 2 


lo %\l\ + l +iAl % 


1 V3 


(Y log 2 : = log |z| + z Arg z ) 
= -^logl + ztan _1 (-V3)j = ztan _1 V3 => s = — 

4. (c) : We have x = t 2 + t + 1, and y = t 2 - t + 1 

Eliminating t, we get, * + ^ = t 2 +1, ——— = t 
2 2 

2 (x -by) = (x - y) 2 + 4 

Since the second-degree terms form a perfect square, it 
represents a parabola (also, A ^ 0). 

5. (b) : Integers greater than 6000 may be 4 digit or 5 
digit numbers. 

Number of 4 digit numbers = 3x4x3x2 = 72 

(Y 1 st digit can be 6, 7 or 8) 
Number of 5 digit numbers = 5! = 120 
Total numbers = 72 + 120 = 192 

x 2 

6. (b) : We have F(x) = J f(-Jt)dt => F(0) = 0 

F'(x) = 2x/(x) =f(x) 0 

■m 


J J -jd x = 12xiix => log e /(x) = x 2 + i 


f{x) = e 


2 

X + c 


fix) = e x 


(V /(0) = 1) 


F(x) = | e l dt => F(x) = e x - 1 


0 

=> F(2) = e 4 - 1 
7. (c) 

F = fix) => = fix) 

ax 


8. (c) 


dy 

dx 


\t,m 


=m 


© 


MATHEMATICS TODAY | NOVEMBER 17 






































Equation of tangent at ( t,f(t )) is y -f(t) =f(t) (x - t) 
It passes through (t + 2, 0) then -f(t) =/'(£) (t +2 - t) 

2 


m 


i 


On integrating we get, log e ( f(t))=- — t + c 


l 

— x+c 

f(x) = e 2 


Since curve passes through (0, 2) we have 2 = e c 

l 

—x 

=> c = log 2 => y =/(x) = 2e 2 


lim \2e 2 i = 0 

X— 

_1 

/'(*) =-A,/'(0) = -l 

Slope of normal at x = 0 is 1. 

Equation of normal at (0, 2) is y - 2 = l(x - 0) 
or x -y + 2 = 0 

9. (1) : Equation of normal at the point P(xy) is 

Y-y = ~(X-x) 
ay 

Let m = — => X + mY ~(x + my) = 0 •••(i) 

dx 

Perpendicular distance from the origin to line (i) is 
\x + my\ , dy _ y 2 -x 2 


V: 


i _i_ m 2 dx 2x y 


This is homogeneous equation Let y = zx , 


2 z 7 dx 
-— dz =- 


( 2 4 

-1- 

2! 4! 

V 


V 


\ 


/ 


.- 2 _^L_ 

3! 


n -3 


Z' 2 

1 X 

2? 4 ! 

LV z * A 


-x - v 
V 

2 \ 


1 + X + —+ ... 
3! 


/j 


For lim 

x->0 

n-3 = 0=>n = 3. 

\l/2 

M -I- r 

Q. lim 

x->0 


(cos x -1) ^cos x - e* j 


to exist we must have 


(i+xr-(i+x) 


1/3 


X 


lim 

x—>0 


1 (l/2)(-l/2) 2 

1H— X + -—- -X +... 

2 2 


- lim 

x—>0 


1 (l/3) (—2/3) 2 

1H— X + -—- -X +... 

3 2 


= lim 

x—>0 


1 1 

2 3 


+ terms containing x 


1 1 _ 1 

2 3 _ 6 


R. We have, 4 lim (x - [x]) 

3 

x—>— 

2 


L.H.L. = lim [ — — ft - 
h^0\2 

R.H.L. = lim I — + ft - 
h^0\2 

L.H.L. = R.H.L. = - 


--ft 

2 


Xh 

2 


= limf--ft-l1=1 
h—> 0\2 ) 2 


= lim f- + ft-ll=- 
h^o\2 ) 2 


dy dz 

—\ —— — 7 -v*- - 

dx dx 1 + z z x 

Integrating J ~~~y dz = ~\ — 

1 + z x 

=> log(l + z 2 ) = -logx + c => (x 2 + 7 2 ) = x-e c 

This curve passes through (1, 1) => 1 + 1 = l-e c => e c = 2 

The required equation of the curve is x 2 + y 2 - 2x 
(cosx-l)icosx-e*) 

10 . p. v _ L 


S. lim[x] 

x->0 




K e llx + \ j 


L.H.L. = lim [0 —ft] 

/!-> 0 


s o-h _i 


2° ~ h +1 


lim(-l) 

h-¥ 0 


h -1 


h +1 


(( 2 4 

4 4 

( ( 2 4 \ 

f 1 A 
e h -1 

1 

„ X X 

1-1-. 


-1 

X X 

1-1-... 


2! 4! 

W 

J 

J 

2! 4! 

vv J 

R.H.L. = lim [0 +ft] 

0 


= c—1) X (—1) = 1 


= 0 


2 3 

X X 

l + x + — + — + ... 

2! 3! 

V 


w 


X +1 y 


Limit does not exist. 


<$><$> 
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sample question papers are provided as well. No demerits of the hook can he listed. Though, it is not light weighted and thus cannot he carried, you 
wouldn't get bored revising each chapter from the revision section and then answering the questions. The language is appropriate and lucid as well as 
easy to understand." 


S J. I V lay says, “It is an awesome hook, firstly I was scared how it will he. hut after having it, I was amazed. One must have 
this hook who is interested in going for the NEET examination." 

Sana I Singh says, “Book is very good. As it contains all the topicwise questions from every topic of NCERT, one can develop 
a question solving ability and also understand the basic concepts 

Sunehri says, “This hook contains over 150 MCOs in each chapter, has categories like MCQs, NCERT. HOTS based 
questions, AH MS assertion reasoning questions. Eveiy chapter gives a short summary of chapter. (treat book for entrance 
exams like NEET, AH MS etc. " 

Prashant says, “ The hook is really awesome. It makes you cover up whole NCERT in a simple way. Solving the problems 
can increase your performance in exam. I would suggest each N eveiy NEET candidate to solve the hook. The hook is also 
error free; not like other publications hooks which are full of errors. “ 

Arka says, “It is a nice question hank of NCERT. / think it is the best of its kind. The hook is a must to prepare for NEET. ” 
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Skill. Passion. Hard work and determination. As a student sitting for the highly competitive JEE, you need 
all that. However, only a few will win, very likely with the help of a champion coach. 

MTG's Champion Series for JEE is just the coach you need. It will guide you in identifying what's 
important for success and what's not. And then help you check your readiness with its most 
comprehensive question bank. So you know your strengths and weaknesses right from the word go and 
course-correct accordingly. Put simply, MTG's Champion Series will help you manage your preparation 
effort for JEE for maximum outcome. The best part is you study at a pace you're comfortable with. 

Because it's all chapterwise, topicwise. 



Visit www.MTG.in to buy online. Or visit a leading bookseller near you. 

For more information, email info@mtg.in or call 1800 300 23355 (toll-free) today. 
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Mumbai's Premier 


IIT-Jii 
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Test Series & 
Question Bank 
JEE Advanced 2018 


• Test Series for JEE Advanced (10 Mock Papers) Fees: ? 1700/- 

• Question Bank (2400 challenging problems) Fees: ? 2000/- 

A Compendium with all key formulae in Physics, Chemistry & Maths and 
memory tips for quick revision and Special Module on short cut methods will 
also be provided with the Test Series / Question Bank. 


Online Test Series 
JEE Main 2018/ 
BITSAT 2018 


• 10 Online Mock Papers with performance evaluation for JEE Main 
Fees:? 1700/- 

• 10 Online Mock Papers with performance evaluation for BITSAT 
Fees:? 1700/- 

Note: Paper based Test Series is also available for JEE Main 2018. 


Test Series 
NEET 2018 


• Test Series for NEET (10 Mock Papers) Fees:? 1700/- 

• A Compendium with all key formulae in Physics, Chemistry & Biology and 
memory tips for quick revision and Special Module on short cut methods will 
also be provided with the Test Series. 


Self Study Series 
NT JEE 2019 


Highlights of Self Study Series 

• Comprehensive Theory illustrating core concepts & short-cut methods 

• Topic-wise & Full length Tests with performance evaluation 

• 15,000 challenging problems with solutions, Test-Series and Question Bank 

• Fees: ? 17,500/- (all inclusive) 


Vidyalankar’s Merit Concession Scheme for above Courses* 


Merit Concession Category 


Olympiad qualified students [Phy (NSEP)/Chem (NSEC)/Astronomy (NSEA)] 
KVPY Scholarship holders 


_ Fees Payable (^) _ 

Test Series Question Bank Self Study Series 


Nil 


Nil 


Nil 


Advanced 2017 Qualified students(Ranks upto Top lOOOOj 


KVPY Level I qualified / NTSE Scholarship holders / Maths RMO qualified 


Nil 


Nil 


NA 


Nil 


Nil 


5250/- 


NTSE Level I qualified students 


Students Scoring 98% and above in Maths and Science in Std. X Board Exam 


850/- 


1000 /- 


8750/- 


Students Scoring 95% and above in Maths and Science in Std. X Board Exam 


1275/- 


1500/- 


13125/- 


Students Scoring 90% and above in Maths and Science in Std. X Board Exam 


1530/- 


1800/- 


15750/- 


*Conditions Apply 

Send your application on the below address, stating your name, complete postal address, contact number, Email ID, course 
To of your interest & year of appearing for NT JEE along with necessary documents, one Passport size colour photograph 8i 
Enroll a Money Order/ Bank Draft payable at Mumbai, in the name of "Vidyalankar Classes and Publications" 

For online payment visit: www.epay.vldyalankar.org 


Some of Previous Years' IIT JEE Toppers 


ARCHISMAN D. ANIMESH B. DHRUV SHAH VILLY GOHIL RANVIR RANA 


MOHD. H. 


NAVNEET M. PRAVEEN S. 
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2015 
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AIR-20 

2012 
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2011 
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2010 


Corporate Office : Vidyalankar (51), Pearl Center, Senapati Bapat Marg, Dadar (W), Mumbai - 400 028. 
• Tel.: (022) 4232 42 32 / 2430 63 67 • Email: iit@vidyalankar.org / Web site: www.vidyalankar.org 
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CBSE CHAMPION Chapterwise-Topicwise Solved Papers Series contains topicwise questions and solutions asked over last 
decade in CBSE-Board examination. 

Questions are supported with topicwise graphical analysis of previous years CBSE Board questions as well as comprehensive 
and lucid theory. The questions in each topic have been arranged in descending order as per their marking scheme. Questions 
from Delhi, All India, Foreign and Compartment papers are included. This ensures that all types of questions that are necessary 
for Board exam preparation have been covered. 

Important feature of these books is that the solutions to all the questions have been given according to CBSE marking scheme. 
CBSE sample paper and practice papers are also supplemented. 

Examination papers for Class-10 and 12 Boards are based on a certain pattern. To excel, studying right 
is therefore more important than studying hard, which is why we created this series. 
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Study right. Dig deep. 

Build a solid foundation for success 
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Are you a do-it-yourself type of a student? Then for success in JEE Main, choose MTG's 
JEE Main combo, comprising coursebooks for Physics, Chemistry & Mathematics. This 
combo is all class 11 and 12 students need for a solid and deep understanding of 
concepts in these three key subjects. 


FEATURES: 

• Based on latest pattern of JEE Main 

• Full of graphic illustrations & MCQs for deep understanding of concepts 

• Covers the entire syllabus 

• NCERT Drill MCQs framed from NCERT Books 

• 11 Years (2017-2007) Previous Years MCQs of JEE Main / AIEEE 

• 2017 JEE Main (Offline & Online) Solved Paper included 
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Available at all leading book shops throughout India. To buy online visit www.mtg.in. 

For more information or for help in placing your order, call 0124-6601200 or e-mail: info@mtg.in 
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PRODUCING TOP RANKERS 
FOR THE LAST 29 YEARS 


WE BELIEVE 

YOU CAN 


At Aakash, we have been nurturing students for 
last 29 years to help them excel in their career in 
Medical, Engineering & Foundations coaching. 
Enroll with us today to experience the best in class 
faculty and course material and build a successful 
career, because WE BELIEVE YOU CAN. 


ADMISSION OPEN 

ONE YEAR / TWO YEAR INTEGRATED CLASSROOM COURSES 2019, 2020 


MEDICAL 

NEET & AIIMS / 

Other Medical Entrance Exams 


For Class XI students moving to Class XII and 
for Class X students moving to Class XI respectively 


DIGITAL & DISTANCE 
LEARNING PROGRAMS 


ENGINEERING 

JEE (Main & Advanced) / 
Other Engg. Entrance Exams 


For Class XI students moving to Class XII and 
for Class X students moving to Class XI respectively 


FOUNDATIONS 

NTSE, Olympiads & 
School / Board Exams 


For Class IX & X students 




Aakash 


Printed Study Material 


Live Online Classes 




Aakash iTutor 

Recorded Video Lectures 


(£> 

Aakash 

Medical I IIT-JEE | Foundations 

(Divisions of Aakash Educational Services Pvt. Ltd.) 


www.aakash.ac.in 


TOLL FREE: 1800-313-0329 HELPLINE NUMBER: 39454545 GIVE A MISSED CALL: 9599698693 SMS Aakash to 53030 


Registered Office : Aakash Tower, 8, Pusa Road, New Delhi-110005. Ph.: (Oil) 47623456 | E-mail: iitjee@aesl.in | medical@aesl.in | info.afs@aesl.in | dlp@aesl.in | aakashlive@aesl.in | aakashitutor@aesl.in 

instagram.com/aakasheducation n facebook.com/aakasheducation ^ youtube.com/AakashEducation twitter.com/aakash_twitted Q aakashinstitute.blogspot.ci 



















